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RECOVERY OF A GENERAL ANALYTIC HAMILTONIAN AND
RUNNING COSTS IN MEAN FIELD GAMES*

WEINAN WANGT

Abstract. In this paper, we consider an inverse problem for mean field games (MFGs) where both
the Hamiltonian and the running cost are unknown. More precisely, we consider an MFG system on
the n-dimensional torus T™ with a general Hamiltonian H (z,p) analytic in the momentum variable
p, and a running cost F(x,m) analytic in the measure variable m. The terminal cost is assumed
known. We introduce a measurement map My r that sends initial population distributions to the
total cost at time zero. Our main result shows that under appropriate admissibility conditions, the
measurement map M g uniquely determines both the Hamiltonian H and the running cost F'. The
proof employs a higher-order linearization technique that decouples the effects of H and F' at different
orders of linearization, combined with Fourier analysis and high-frequency asymptotics for the linearized
equations.
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1. Introduction

Mean field game (MFG) theory, introduced independently by Caines-Huang—
Malhame [1,2] and Lasry—Lions [10, 11], provides a powerful analytical framework for
studying strategic interactions in large populations of rational agents. The theory for-
mulates these interactions through a coupled system of forward-backward partial dif-
ferential equations: a Hamilton—Jacobi—Bellman equation governing the optimal cost
of a representative agent, and a Fokker—Planck equation describing the evolution of
the population distribution. In practical scenarios, agents often face uncertainty about
the precise structure of their environment—specifically, the Hamiltonian encoding their
kinetic costs and the running cost representing interactions with the population. How-
ever, outcomes such as the total cost u(-,0) at the game’s inception may be observable.
This naturally leads to inverse problems for MFGs, where one seeks to recover unknown
components of the governing equations from measurable data.

Recent years have seen growing interest in such inverse problems, with contribu-
tions spanning both numerical [3,7] and theoretical approaches. On the theoretical side,
Liu-Mou—Zhang [25] established several unique identifiability results under various as-
sumptions: when the Hamiltonian is quadratic and the running cost unknown; when
the Hamiltonian is known (but general) and the running cost unknown; or when both
the running and terminal costs are unknown but the Hamiltonian remains quadratic.
Their work left open the question of whether both a general analytic Hamiltonian and
the running cost could be determined simultaneously from interior measurements. Con-
currently, a distinct line of inquiry has explored inverse problems using boundary mea-
surements. Liu and Lo [14] considered the challenging scenario where not only the
Hamiltonian and running cost are unknown, but also the system’s stationary state.
By employing complex geometric optics solutions and linearizing around an unknown
nontrivial steady state, they proved simultaneous recovery of a quadratic Hamiltonian,
running cost, and the stationary solution from Cauchy data on the boundary. Their
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arguments rely crucially on the quadratic structure of the Hamiltonian and the avail-
ability of complex geometric optics solutions, techniques that do not extend to general
analytic Hamiltonians. Related works [15-18] have further developed the boundary
measurement approach under various constraints. Meanwhile, other researchers have
investigated inverse problems using final-time [9] or internal [8] measurements, often em-
ploying Carleman estimates to establish stability. Beyond the specific context of MFGs,
recent progress has also been made on inverse problems for other nonlinear evolution
equations, including active scalar equations [12] with fractional Laplacian and semi-
linear wave equations [13] with partial data, as well as for non-local models governed
by fractional and integro-differential operators [4,5,15,19-24, 26].

The present paper addresses the aforementioned open question from a different an-
gle. We consider a measurement map My r that sends small initial distributions to
the resulting total cost at time zero—an arguably natural observable when one can
influence the initial population and measure the ensuing aggregate cost. Within this
framework, we prove that both a general analytic Hamiltonian H(x,p) and an analytic
running cost F'(xz,m) can be uniquely recovered. Our setting differs substantively from
the boundary-measurement paradigm in several key aspects: we consider interior mea-
surements rather than boundary data; our Hamiltonian is not restricted to quadratic
forms but belongs to the broad class of analytic functions; and the stationary state in
our setting is trivial (the zero state) rather than an additional unknown to be recov-
ered. Methodologically, our approach extends the higher-order linearization technique
of [25] but requires novel refinements to disentangle the coupled influences of H and F.
At each order of linearization, the Hamiltonian contributes terms involving products of
spatial derivatives of the value function, whereas the running cost contributes source
terms depending on products of the population distribution. A key technical innovation
is the development of rigorous high-frequency asymptotics for solutions to the linearized
equations, which allows us to separate these different types of terms through Fourier
analysis. The proof combines parabolic well-posedness theory, adjoint methods, and
harmonic analysis on the torus.

Thus our work complements the concurrent result of Liu and Lo [14]: while they
recover a quadratic Hamiltonian alongside an unknown stationary state from boundary
data, we recover a general analytic Hamiltonian from initial-to-final interior measure-
ments. Together, these works address different but equally important scenarios and
employ distinct technical approaches, significantly expanding the known scope of simul-
taneously identifiable parameters in MFG systems.

The rest of the paper is organized as follows. Section 2 introduces notation, the MFG
system, admissibility classes, and states our main theorem. Section 3 establishes local
well-posedness of the forward problem. Section 4 details the higher-order linearization
procedure. Section 5 contains the complete proof of unique identifiability, including the
crucial high-frequency asymptotics lemmas.

2. Preliminaries and main results

2.1. Notation and function spaces. Let neN and T":=R"/Z" be the n-
dimensional torus. For a € (0,1) and k € Ng:=NU{0}, we denote by C*+%(T") the space
of functions whose derivatives up to order k are a-Hélder continuous, with norm

(z) =D f(y)|
|z —y|* '

DB
I fllrracny = SupnlDﬁf(l‘)l-i- > Sup| /

1BI<k>€ |8l=k"7Y
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For functions on T™ x [0,7], we use the parabolic Hélder spaces Chont52 “(T™ x [0,T7)
with norm

, DBD! f(x,t)— DBDJ
1 g = S swpDIDifl+ S swp Dy tf(x,a) D, Zj;(y,s)\
|8]4+2j <k \gng:k(m,t)#(y,s) |z —y|*+[t - 5]

Define Q:=T" x [0,7] and let P(T™) denote the space of probability measures on T".

We consider initial distributions in the set

O, = {m0602+°‘('ﬂ‘"):m020, mo(x)dx—a},

']I‘n
where a €[0,1]. As explained in [25], this allows for the possibility that the game domain

consists of several disjoint subdomains.

2.2. Admissibility classes. = We introduce analyticity classes for the Hamilto-
nian H and running cost F'.

DEFINITION 2.1 (Admissible Hamiltonian). A function H:T" x C*— C is called ad-
missible, denoted H € H, if:
(1) For each fivred pe C", H(-,p) € C*T(T™), and the map p— H(-,p) is holomor-
phic from C™ to C?T(T™) for some a € (0,1);
(2) H(x,0)=0 for all x€T™.

For H € H, we have the power series expansion

Z Z H(B) ﬂl’

k=1|8|=k

where S=(51,...,8,) €Ny is a multi-index, pﬁzp’f1 cepBn s Bl=341--3,!, and H® ¢
C?*T(T™). The series converges absolutely and uniformly on compact subsets of C™.
We assume all coefficient functions are real-valued when restricted to real arguments.

REMARK 2.1 (Non-quadratic Hamiltonians and the adjoint structure). The class H
includes all analytic Hamiltonians vanishing at p =0, in particular non-quadratic ones.
As a concrete example, for p€R" the cubic (|| =3) Hamiltonian takes the form

P):Zai(iﬂ)lh Zbu pzp]+ chjk‘ Pngpka
7

(NI

with a;,b;j,cij; € C?T*(T™) admissible in the sense of Definition 2.1. Here H () (x)=
ai(z), H€ %) (z)=b;;(z), and H€TeFe) (x) =c;;1.(x). A representative purely cubic
choice is H(x,p)=0(x)(p}+p1p3+---+p3) for o0 € C*t*(T"), arising in models with
super-linear velocity costs.

We also explain why the MFG system (2.3) is a pair of adjoint equations. Setting
AWM (z) = H,(2,0), the first-order linearised system (cf. Section 4) reads

—0u® = Au®) 4 AW (3). VD) = FO (z)m (D),
orm™ — Am® — div(m™AM (z))=0.

Defining Lo:=—0,p—Ap+AD .V, its formal L%adjoint is L*=dp— At —
div(A(1)1/J), which is precisely the operator governing m(". This adjoint pairing en-
ables the integration-by-parts identities in Lemma 5.2 and is a structural feature of all
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MFG systems derived from optimal control: the HJB equation and the Fokker—Planck
equation are always adjoints with respect to the optimal drift, regardless of whether H
is quadratic.

DEFINITION 2.2 (Admissible running cost). A function F:T" xC—C is called ad-
missible, denoted F € F, if:

(1) For each fized € C, F(-,z) € C*T*(T"), and the map z+ F(-,z) is holomorphic
from C to C*T2(T™) for some a € (0,1);

(2) F(z,0)=0 for all x€T".

For F € F, we have the expansion

ZF kl’

with F(*) € 02+(T™), converging absolutely and uniformly on compact subsets of C.
2.3. Forward MFG system. We consider the MFG system:
—Opu(z,t) — Au(z,t)+ H(x, Vu(z, t)) F(z,m(x,t)), inT"x(0,7T),
oym(z,t) — Am(z,t) — div (m(z,t) Hy(z,Vu(z,t))) =0, in T"x(0,T), (2.1)
u(z, T)=G(x,m(z,T)), m(z,0)=mo(z), in T,
where G: T" x R — R is a known terminal cost. We assume G satisfies similar analyticity
conditions: G € G, where G is defined analogously to F with G(z,0)=0.

2.4. Inverse problem and measurement map. For given H € H and F € F,
let (u,m) be the solution to (2.3) with initial condition mg € O,. Define the measurement
map

M p: 04— C*T(T™), Mg p(mg) :=u(-,0).

This map sends an initial population distribution to the total cost at time zero. The
inverse problem we study is:

Given My r, determine H and F.

2.5. Main result. Our main theorem establishes the unique identifiability of
both H and F from the measurement map.

THEOREM 2.1 (Simultaneous recovery of H and F). Let Hy,Ho € H and Fy,F> €
F. Let GEG be a known terminal cost. For j=1,2, let My, F, be the measurement
map associated with the MFG system (2.3) with Hamiltonian H; and running cost Fj.
Suppose there exists § >0 such that for all mg € Oy with |[mgl|c2+arry <0, we have

M, F, (mo) =M, F,(mo).
Then
Hi(z,p)=Hz(z,p) and Fi(z,2)="Fs(z,z2)
for allzeT™, peR™, and z€R.

REMARK 2.2. The requirement that mg be small is needed for the well-posedness of
the forward problem (Theorem 3.1). The equality of measurement maps for small mg
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suffices to determine the Taylor coefficients of H and F' at the origin, which uniquely
determine the analytic functions.

REMARK 2.3.  Unlike Theorem 6.1 in [25] which assumes H is known, our theorem
allows both H and F' to be unknown. The proof requires analyzing the coupling between
their Taylor coefficients at each order of linearization.

3. Well-posedness of the forward problem
In this section, we establish the local well-posedness of the MFG system (2.3) for
small initial data, which is needed for the higher-order linearization procedure.

LEMMA 3.1 (Linear parabolic estimates). Let A€ C*/2(Q;R™), f€C**/2(Q), and
vo € C*T¥(T™). Consider the initial value problem

O — Av—div(A(z,t)v) = f(z,t), in T"x(0,T),
v(x,0) =vo(x), in T™.

There exists a unique solution v€ C*t*1+2/2(Q) satisfying

vl c24artarz(g) S Cllvolloztarny + 1 fllgaarzq))s
where C' depends on [|Al|ca.a/2(qgy, T, and n.
Proof. We rewrite the equation as
Ov—Av—A-Vo—(divA)v=f.

Since A€ C/?(Q;R™), we have diVAECO‘_LQT_l(Q) if a>1. Define the operator
Lv=0w—Av— A-Vv. First, we establish an a priori estimate. Multiply the equation
by v and integrate:

1d
5ol #1901 = [ AV @ivayo+ ode
<Al 190l z2lloll 2 + N div Al 022 + 11l 2 o]l

Using Young’s inequality and Gronwall’s lemma yields [|v]zoc(o,7;12) + Vv L2(q) < C.
For Holder estimates, we use the method of freezing coefficients. Fix (zg,tp) € @ and
consider the constant coefficient operator

Lov=0w— Av— A(z,tg) - V.
The fundamental solution I'y(x,t;y,s) for Ly satisfies
0207 T (x,t:y,5)| < C(t—s)~(HBIHIND/2g—cla—y[*/(t=s)

Write v=wv; +v2 where vy solves Lov; = f with zero initial data, and vy solves Lyvs =
(A(z,t) — A(zo,t0)) - Vv + (div A)v with initial data vg. By the Schauder theory for con-
stant coefficient operators (Theorem 5.1 in [27]),

||111 ||C'2+a,1+o¢/2 S O”f”c’a,a/Z-
For vy, we use a fixed point argument. Define the mapping 7 : w+— z where z solves

Loz=(A(x,t)— A(xg,to)) - Vw+ (divA)w, z(x,0)=wve(x).
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Since |A(z t) — A(zo,t0)| < C(|z — 20|® + |t — to|*/?), the operator T is a contraction on
Ol+e % for sufficiently small T' or with appropriate weights. The existence of a unique
fixed pomt follows from Banach’s fixed point theorem. Uniqueness follows from the
maximum principle. More precisely, if v1,v5 are two solutions, thelr dlfference w satisfies
Lw =0 with w(z,0) =0. Multiplying by w and integrating gives 2 L |jw||2, + || Vw2, <
C|lwl2,, so by Grénwall, w=0. O

Now we prove the well-posedness of the nonlinear MFG system.

THEOREM 3.1 (Well-posedness). Let HeM, F€F, and G€G. There exist constants
6>0 and C >0 such that for any mo € C*T*(T™) with ||mg||c2+a(rny <6, the MFG sys-
tem (2.3) has a unique solution (u,m) € C?*+41H3(Q) x C*+*1+5(Q) satisfying

”u”C?‘*—@:l‘*—%(Q) + Hm||c2+@=1+%(Q) < C||m0||C2+"(’J1‘")~
Moreover, the solution map S:mg+— (u,m) is holomorphic from Bs(C**®(T")) to
CHal+E(Q)2,

Proof. We use the implicit function theorem in Banach spaces. Define:

1 :C2+Q(Tn)7
_ 02+a,1+% (Q) % 02+a,1+% (Q),
=CPF(T") x C*F(T™) x O3 (Q) x C™ 3 (Q).

Define (I)ZXl XX2—>X3 by

®(mo,u,m):= (u(-,T) — G(-,m(-,T)),
m(-,0) —my,
—Ou—Au+ H(-,Vu)—F(-,m),
om—Am —div(mH,(-,Vu))).

® is well-defined and holomorphic. Since H is holomorphic in p, H(-,Vu) is a
holomorphic function of Vu with values in C*/2(Q). Similarly, F'(-,m) and G(-,m) are
holomorphic in m. The derivative terms preserve the regularity. Thus ® is holomorphic
(see [28, Theorem 1]). We see ©(0,0,0) =0, which follows from H(z,0)=0, F(x,0)=0,
and G(z,0) =0. For the derivative at (0,0,0), we compute Dy, ,,,)®(0,0,0)(v,p):

D) 1(0,0,0) (v, 1) =v(-, T) = GW () u(-,T),

D (u,m) ®2(0,0,0) (v, ) = (-, 0),

D () ®3(0,0,0) (v, 1) = =8y — Av+ Hy(+,0)- Vo — FO (),
D (u,m)®4(0,0,0) (v, 1) = Iy pp— App— div (pHy (-,0)).

Let AW (z):=Hy,(x,0) € C***(T™;R"). To show D(, »,)®(0,0,0) is an isomorphism, we
need to show that for any (r1,r2, f1, f2) € X3, there exists a unique (v,p) € X5 such that
v, T) =GV ()p(-,T) =1,
(+,0) =14, (3.1)
—dv—Av+ AV . Vo—FD = (3.2)
Orpr— Ap—div(pAM) = fy. (3.3)
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First, solve (3) with initial condition (3). This is a linear parabolic equation of the form
Orp—Ap— AW . Vp—(divAD )= f,.

By Lemma 3.1 (applied with drift A®) and right-hand side f,), there exists a unique
solution p € C?+te1+e/2(Q) with

[l gztantars SC([[rallcave + || f2llcaare)-

Now solve (3) backward in time. Let 7=T —t, o(z,7) =v(z,T —7),
fi(x,7)=fi(x,T—7). Then

(x7T):N(x7T_T)=

80— AT+ AV . Vo=FV 4 f,

with initial condition #(z,0) = GM (2)u(z,T) +71(z). Again by Lemma 3.1, there exists
a unique solution & € C?T*1+2/2(Q), hence v € C*+*1+2/2(Q). To show the linear map

(r1,72, f1, f2) — (v,p) is bounded, we need to estimate ||v||p2+a.14a/2. From the solution
of (3):

Il gztantars SCr([[rallczte + [ f2llcaare)-

For v, we have two contributions: the homogeneous solution with initial data
GO pu(-,T)+ry, and the particular solution from FM) 4 f;. By linearity and Lemma
3.1:

[v]lg2tanitars < Co(|GP u(, T) 71l cota + | FD p+ fill gaerz)
< Cs(||pllgzeantarz +rillcave + || fill caarz)
< Cu(llrllezre +lIr2llc2e + | fill cawarz + | f2ll coarz).-

Thus D, ) ®(0,0,0) is bounded. Injectivity follows from uniqueness of solutions to
linear parabolic equations. Surjectivity follows from our construction. By the open
mapping theorem, it is an isomorphism. By the analytic implicit function theorem
in Banach spaces (Theorem 15.3 in [6]), there exist neighborhoods U C X; of 0 and
V C X, of (0,0), and a holomorphic map S:U — V such that ®(myg,S(mg))=0 for all
mo €U, and S(0)=(0,0). To ensure S maps into probability measures (nonnegative
with integral a), we need to verify that if mg € Og, then m(-,t) >0 and [, m(z,t)de=a
for all ¢. This follows from the maximum principle for the Fokker-Planck equation and
conservation of mass:

% m(m,t)da::/ [Am+div(mHy(z,Vu))]dx=0.
T’!L x

Thus [}, m(z,t)de = [}, mo(x)dr=a. Next, we show uniqueness. If (uy,m1) and
(ugz,mg) are two solutions in V, then ®(mg,u1,mq1)=®(mo,us2,mz)=0. Since S is

uniquely defined, we have (uy,m1) = (uz,ms2). 0
COROLLARY 3.1. The measurement map My p:mo— u(-,0) is holomorphic on
Bg(Cera(Tn)).

Proof. My p=m108|i=, where m; : Xy — C?+1+2/2(Q) is projection onto the
first component and S is the solution map from Theorem 3.1. The evaluation at t=0
is a bounded linear operator from C2*t®1+2/2(Q) to C?**(T™). The composition of
holomorphic maps is holomorphic. ]
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4. Higher-order linearization

The key tool for proving Theorem 2.1 is a higher-order linearization technique. We
perturb the initial condition mg by multiple parameters and differentiate the resulting
solution with respect to these parameters.

4.1. Notation. Let NeN and fy,...,fnv € C’f‘“("ﬂ‘") (nonnegative functions).
For € = (¢e1,...,en) €[0,0)"V with & from Theorem 3.1, define

N
mo(f;f)izzz?zfz(fc)-
=1

By Theorem 3.1, for |¢] sufficiently small, there exists a unique solution (u(z,t;e),m(z,t;e))
to (2.3) with initial condition mg(-;e). Note that (u(x,t;0),m(z,t;0))=(0,0) due to the

zero conditions on H, F, and G. For a multi-index a=(«y,...,ayn) € Név, we define
Hled Hled
u(®) (x,t):= ?au(x,t;O), m(®) (x,t):= ?;n(a:,t;O),

where |a|=a; +---+ay and 9e* =0e]" ---0e’¥. We will particularly need derivatives
with respect to single parameters and pairs of parameters. For [ €{1,...,N}, denote

0 0
u(l)(x,t)::a—;(x,t;O), m(l)(x,t)::a—Z(x,t;O).
For I,ke{1,...,N}, denote
0%u 9?m
) (2,8) 1= ———(2,1;0 R (2,8) = ————(,1;0).
W, t)i= 5o (@50), M (o)1= 5 I (0,8:0)
4.2. First-order linearization. We differentiate (2.3) with respect to ¢; at

e=0.

LEMMA 4.1 (First-order linearized system). The pair (u),m®) satisfies

—0u® — Au® + AW (). Vu® = FO (2)ym® | in T x (0,T),

Oym — Am® —div (mWAD (z)) =0, in T™ x (0,T), (1)
u® (2, T) = GM (2)m® (x,T), in T, '
m(l)(x70):fl(m)7 m Tn,

where AN (z) = H,(z,0) = (H) (x),..., H)(x)) with e; the standard basis vectors.
Proof. We differentiate each equation in (2.3) term by term at e=0.

(1) Hamilton—Jacobi equation:

0 F
é9751[,@ququH(x,Vu)* (%m)] L:o
:—ﬁtu(l)—ﬁu(l)‘f‘iH(x Vu)| _iF(x m)|._y-
de T lem0T g n T e

For H, using the chain rule and H(z,0)=0:

%H(:};Vu) |E:0 =Hp(z,Vu) ‘5:0 Vu = H,(2,0)- Vul) = AW (z) . VuD.
!
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For F, using F'(z,0)=0:

0
8—@F(x,m) |8:0 =F.(z,m) |E:0m(l) =FD (z)m®.

Thus
—9uV — AuW + AW (z). vu — FO (z)m® =0.

(2) Fokker—Planck equation:

&sm —Am— diV(me(x7 vu))} ’s:O

Pl

0 ...
=9ymW — Am® — % [div(mH)(z,Vu))] ‘E:O'

For the divergence term:

6851 [dlv(mH (a:,Vu))] |€:0:dlv( OH »(z, Vu)‘ )+div (m‘ :Oain(x,Vu)L:O)

=div(m OFzs »(2,0)) +div (0- Hpp(z,0)Vu l))
=div(m 0 AC 1)(33))

Thus
dym® — Am® — div (m(l)A(l) (z))=0.
(3) Terminal condition:

0

=uW (2, T) - GV (z)ym D (2,T)=0.
881

[ ((E T) G([L’,m(l',T))] |5:0

(4) Initial condition:

0

75, [m(@0)— mo(z;2)]|__y=m® (2,0)— fi(x) =

d

4.3. Second-order linearization. Now differentiate twice. For [,k €{1,...,N},
we compute u(“*) and m&F).

LEMMA 4.2 (Second-order linearized system). The pair (u>®), mER) satisfies
—0uF) — AuR) 4 AD (). TR 1 Z HP) (2)8° (u® ,u)

181=2 in T x (0,7,
:F(l)(l‘)m(l’k) +F(2)(x)m(l)m(k)

)

Iym bR — AmEF) —div (mH AD (z)) = RGF), in T™ x (0,T),
wbR) (2, 7) =GO (2)mER) (2, 7) + G (2)m® (2, T)m®) (2, T i T™
(z,T) (z) (z,7) ()mV (2, T)m'"™ (z,T), :

mEF) (2,0) =0, m T,
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where
9 (u® ) = Z Ham (1) 9By )
(765'21 1
for |B|=2 (sum over the two permutations of {l,k}), and
R = div (m(l) D (z)Vu* )+div (m(k)B(l)(m)Vu(l)),

with BM () =H,,(x,0) the Hessian matriz of H in p at p=0.
Proof. We differentiate each equation twice.

(1) Hamilton—Jacobi equation, second derivative:

82
02,00 [—8tu— Au+ H(z,Vu)— F(x, m)] ‘6:0
:—8tu(l’k)—Au(l’k)+872H(x Vu)| —LQF(m m)|__,
0e10¢gy, ’ =0 9Jg;0¢p, ’ e=0

For H(xz,Vu), use the multivariate Faa di Bruno formula. Write p=Vu. Then

82
8658€k H(:L’, vu) |5=0 = Hp({E,O) : VU(HC) + (Vu(l))Tpr(x,())(vu(k))
= A0 (@) vl 3 s (,0)0,u 0, u™
5=, OPiop; g

The second term can be written as Z|B|:2H(5) (2)0% (u®D ,uk)) where for f=¢; +e;:

82

H(ﬁ)(x) B00m.
iUP;j

TH 0), 05w u®) =0, uV0, ul®

For i=j, B=2¢;, H®(z)=3 8p H(2,0), and 9°(u®,u®)=20, ubd, u*.  For
F(x,m), using F(z,0)=0 and the chain rule:
82
9000 F(z,m) ‘5:0 =FO@)ym"P) 4 FO (2)mOm®),

Thus the Hamilton—Jacobi part gives:

— 9pu) — AultP) 4 AW (2). Va1 3 B (2)07 (u,u®)
|B8]=2
FO (2)m@0 4 @) (z)mOm®),

(2) Fokker—Planck equation, second derivative:

82
86[8€k

0?
_ (Lk) _ (k) _ i
oym Am 02,0 [div(mH(z,Vu))]

[8ym — Am —div(mH,(x,Vu))]|__,

|a:0'
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Compute the divergence term:
2

a&:laEk
. . 0
=div (m(l’k)Hp(x,O)) +div (m(l) T%Hp(x, Vu) ‘5:0)

[div(mH,(z,Va))]|__,

) 9] .
+div (m(k)a—sal(x,Vu)’s:O) +div (m| x,Vu)|€:0).

82
€=0 9g,0¢}, Hp(

Since m|.—o =0, the last term vanishes. For the middle terms:

0
a—ngp(oz,Vu) |y = Hypp(2,0)Vu™ = BY (2)Vu®),
Similarly for %Hp(x,Vu). Thus,
2
92,0, [div(me(z,Vu))] |€:0

=div (m(l’k)A(l) (z)) +div (m(l)B(l) (x)Vu(k)) +div (m(k)B(l) (J:)Vu(l)).
Therefore,
Dy — Am®H) _ diy (m®9) AD (2)) = RO,
(3) Terminal condition:
92
0e; 0y,
=uF) (2, T) — [G(l) (2)m"®) (2, 7) + G (2)m" (2, T)m® (z,T)] =0.

[u(@,T) = G(a,m(z,T))]| _,

(4) Initial condition: Since mg(z;¢) :Zévzlsjfj (x) is linear in ¢, its second deriva-
tives vanish. Thus, we have
2

mR) (2,0) = mo(x;s)fszoz().

aalaé‘k O

4.4. Higher-order linearization. The pattern continues for higher derivatives.
For a multi-index o € N}’ with |a|= M, the M-th order linearized system involves:
e Terms with AM (z)- Vu(®),
e Terms involving products of lower-order derivatives of u, with coefficients
H®) (z) for |8 < M.

e Terms involving F*) (x) multiplied by products of k factors of m(® with |3| <
M.
Specifically, we have:

LEMMA 4.3 (Higher-order linearized system). For aeNY with |a|=M>1,
(u(®) ,m(®)) satisfies:

M
— o' — Au® 4+ AW (). V() +Z Z Z HD () Py(uP) .. uPe)

=21+ 1 Br=a|y]=k
1B;1>1

M k
:ZF(k) (z) Z Hm(ﬂj)’
k=1

B+t fr=aj=1
185121
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and
dym(® — Am ™ —div (m(“)A(l) (z)) = Q,

where P, are multilinear differential operators given by

no i

Py(u(ﬁl)’ . (Bk) fy' Z HH@ u(ﬁom)

oc€Ski=1j=1

with the understanding that if v; =0, the empty product is 1. The term Q%) involves
lower-order terms and is given by

Q(”:i Yo div(m®) Y gOteatte ) ()

k=2p1++Br=a |v|=k—1
[Bj1>1

H amj uwBi) | v P | 4 symmetric terms,

where the sum is over all partitions of a and all choices of indices i1,...,ix—1 €{1,...,n}.
The terminal condition is

M k
u'® (z,T) :ZG(k)(x) Z I_Im(,@j)(x,T)7
k=1 Bi+-+Pr=aj=1

[B;1>1

and the initial condition is m(® (x,0)=0 if |a| >2, while for |a|=1, m® (z,0)= fi(z).
Crucially, the operators P, do not involve u(® itself, but only lower-order derivatives
ulB) with |8, < |al.

Proof. We prove by induction on M. For M =1, this is Lemma 4.1. Assume the
result holds for all orders < M.

Differentiate the Hamilton-Jacobi equation M times using the multivariate Faa di
Bruno formula for H(x,Vu). For a smooth function H:T" x R™ - R, we have:

M
%H(%VU)’E:O:Z Z ZH(W) Ha'YB (B5)

k=1nwell(a,k) |v|=Fk Ber

where II(«, k) is the set of partitions of the multi-index « into k non-empty multi-indices
BB, vB is a multi-index with |yz|=|B| indicating which derivatives act on u(%5), and
the product is over all blocks B in the partition 7.

For the Fokker-Planck equation, differentiate div(mH,(z,Vu)) M times:

(Q)M
@div(me(LVu |€
. (@) : (B1) o
:dw( * H,(x,0) ) E E div <m ! MHP(%VU)}E_O'

1 B1+-- +Bk a
1Bj1>
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Each term me(x,VU)L:O can be expressed using the Faa di Bruno formula
for H,, which involves derivatives of H of order k+1.
The induction hypothesis ensures all lower-order terms have the claimed form. 0O

REMARK 4.1 (Identification of Hessian coefficients). The coefficients H®) ()
for |8|=2 correspond to the Hessian H,,(z,0). To identify individual components
Op.p, H(x,0), we choose perturbations with gradients concentrating along coordi-
nate directions. For example, taking & =Ne; and {;=Ne; isolates the coefficient
Heites) (g) = f{m@pimH(az,O). The symmetrization in Definition 2.1 ensures the rep-
resentation is unique.

5. Proof of the main theorem

We now prove Theorem 2.1. The strategy is to use higher-order linearization to
recover the Taylor coefficients of H and F' inductively. Assume My, r, =Mp, F, for all
mo with ||mg]| g2+« <. This means that for such mg, the solutions (u1,m;) and (uz,ms9)
of (2.3) with Hamiltonians H, Hy and running costs Fy, Fy satisfy ui(-,0) =us(+,0). We
begin with essential technical lemmas.

5.1. High-frequency asymptotics for linearized equations. The following
lemma provides the rigorous estimates needed for our high-frequency arguments.
LEMMA 5.1 (High-frequency asymptotics). Let A ¢ C?+(T™;R") and F) ¢
C*+2(T™). For E€Z™, consider the system:

—0pug — Aug + AW () - Vg = FO (2)me, in T™ x (0,T),
dyme — Amg —div(me A (2)) =0, in T™ x (0,7,
ug(x,T)=GW (z)me(2,T), me(x,0) =2 in T".

Write ug (z,t) = e2™ ¢ Cve (2,t) and me(z,t) = e* & Twe(x,t). There exist constants C,7 >

0 independent of & such that:
(1) Fokker—Planck estimates: For all |£|>1,

[wellLoe (@) <C, Vel Lo (@) < C(1+[E]),

and

C
T)— —.
we(@,T)=1l< 5

(2) Non-degeneracy: For [£|>1,

T
.

for some ¢ >0 independent of €.
(3) Gradient decomposition: For any ¢ € L*(Q),

2

/eQWig'mvf(x,t)dx dtZé

HVU5 — 27T’L.§€27Ti£m’U5 HLz(Q) < 0(1 + |§|1/2)a

and consequently,

‘/Qqsvugdxdt2mg/@¢e2ﬂ€'%§dxdt’gC(1+|g|1/2)||¢||L2(Q).
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(4) Time-localized principal part: There exists 7 >0 such that for t € [T —71,T],
ve(,t) =e 4T (L re(a,1),

with ||re|| Lo ((r—71)xTr) < % for all |&| sufficiently large.
Proof. We prove each part systematically.

(1) Fokker—Planck estimates. Substituting me =e?"%w; into the Fokker-Planck
equation yields:

Owe — Awg — ATi€ - Vwe + 472 |€[Pwe
— AW (2) - (Vwe 4 2migwe) — (div AD (2))we =0.
Write this as Lewe =0 where
Le=0;—A— (4mie + AW .V + (4n2|¢|? — 2mig - A —div AD)).

The maximum principle applied to the real and imaginary parts gives ||we| e (q) <
[[we (-,0)[[ L =1.
For the gradient estimate, differentiate the equation in space. Let Dy =0,,. Then

L¢(Drwe) = [Dy, Le]we,

where the commutator involves derivatives of A(Y) up to second order. Since ||we||r= <1,
standard parabolic W2! estimates (e.g., Theorem 7.1 in [27]) yield

[Drwelle(@) <Cp(1+[€])  for any p<oo.
By Morrey’s inequality, ||Vwe||ze(g) < C(1+[]).

For the terminal value estimate, consider the energy:

E(t)= %/n lwe (2,t) — 112dz.

Differentiating and using the equation,

d

&E(t)g—/ \Vw5\2dx+0/ (1+|§\)|Vw§||w§—1\dx+0/ (1+[€1%) |we — 1)da.
T Tn T

Using Young’s inequality and Gronwall’s lemma,
T
B(T) < COHERT pg) 4 c/ (COHIET=3) (1 1 |¢|)~2ds.
0

Since E(0)=0, we obtain E(T)<C|¢|72, giving |we(z,T)—1|<C/|¢| in L?, and by
regularity, in L.
(2) Non-degeneracy estimate. Consider the equation for ve obtained by substitut-

ing ug = e T

— Oy — Avg — 4mi€ - Vve + 412 Pve + AW (z) - (Ve 4 2micve) = FY () we,

with terminal condition ve(z,T)=GW (z)we(2,T). Let ve(t)= [p, €™ Tve(w,t)dx =
Jpn Ve (,t)dz. Integrating the equation over T":

—%Eg(t)+47r2|§|217§(t):/ [2mig - AM (z)ve + FO (2)we] da.
'H‘TL
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Write D¢ (t) = e~ 47 €7 (T=D¢( )—|—ﬁTe_4”2|5|2(s_t)R§(s)ds, where

Re(s)= /n 2mi& - AY (2)ve (,8) + FO (2)we (2, 5)]d.

From part (1), [0¢(T)| =] [ G (2)we(2,T)dx| > co >0 for large |¢| since we(z,T)~1.
Also, |Re(s)| § Cl€]||vel Lo +C§ C’/|§| by the maximum principle for ve. Thus,
(t)— 1P T (7) | < 2
€1
Then for te [T —71,T),
C
[Be(t)] = e T g (7)) - o

Choosing 7= (872[£|?) ~!log2, we have
T T
1 C
/ "L_}g(t)‘ZdtZ *|1_)5(T)|2/ 7871'2\5\ (T—t) gt — =
T—1 2 T—1 |£|
The integral is W(l —e 1) >c/[€]?, giving the result.
(3) Gradient decomposition. Since Vug =e?™ % (2rifve + Vue), we need to esti-
mate Vve. Multiply the equation for ve by v¢ and integrate:

— 5 el + Vg3 + 4l Pl

= / [—4mi& TgVve + AW - (Tg Ve + 2mi|ve|2) + FMweg) de.

Integrating in time and using Young’s inequality,

T
/0||Wg||2L2dt§O(1+If\)llvgllim@)T-

The maximum principle gives |jve|[r= <C, so ||Vvg||rz2(g) <C(1+¢[*/?). The claim
follows.

(4) Principal part estimate. Write vg =0¢ +7¢, where ¥¢ solves
— 0y — At — ATi€ - Vg +4m €D = Ug(z,T) =

—4m

The explicit solution is ¥¢(x,t) = =4 1€ (7= The remainder r¢ satisfies

—8{!’5—ATE—47T7;€-V7’£+47T2‘£|27‘§
= — AW () - (Ve +2mive) + FY (2)we
with 7¢(2,7) = G (z)we (z,T) —
By Duhamel’s principle,

T
re(z,t)= e~ A 1L (T—1) (GY(2)we (2,T) —1) +/ 6_4”2|£|2(5_t)R5 (z,s)ds,
t
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where Re(x,s)=—AW (x)- (Vg +2mive) + FD (x)we. From parts (1) and (3),
[ Relloe <C(1+[€]).

Thus,

c oa+le) _C
Irg(x,t)lég+74ﬂ2|§|2 §|—|,

for |£| large. This completes the proof. d

LEMMA 5.2 (Adjoint identity for first-order differences).  Let Agl) =H;,(z,0) and

Fj(l)(x) for j=1,2. Let (u(l) mgl)) solve (4.1) with Hamiltonian H; and running cost

7
F;. Define w:ugl) —ugl) and u:mgl) —mél). Then for any solution ¢ of the adjoint

equation

{atqzs—m—div(fl%”(x)qs):o, in T x (0,7), 5.)

(b(.%‘,O):d)o(l‘), m Tnv

with ¢o € C(T™), we have the identity:
T
/ (A = AMY . vl dzat
o Jrn

T T
:/ qb(Fl(l)—FQ(l))mgl)dxdt—i—/ quQ(l)udxdt—i— o(x, T)GY (&) pu(z, T) d.
o JIn o Jrn Tn
(5.2)

Proof. The difference (w,u) satisfies:

—Opw—Aw+AD Vw4 (AD — A Vi) = FO D EOpD (5.3
e — Ap—div(pAfY) - div(ms” (A1 - AlY)) =0, (5.4)

w(a,T) =G (z)u(z,T),
w(x,0)=0.

Multiply (5.1) by ¢ and integrate over Q:
/ dl—0w—Aw+ A v+ (AP — AV) . vul | dedt
Q
= / HFMmY — FYm V] dadt.
Q
Integrate by parts for the terms involving w:
/ O(—Ow — Aw+ Agl) -Vw)dxdt
Q
- / [—pw]T da + /Q w(0p— Ap—div(AY @) dadt

= ¢($7T)’LU(£E7T)CZ$+ (b(l‘,O)’LU((L‘,O)d{E,
T Tn
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since ¢ satisfies (5.2). Using w(z,T)=GM (x)pu(2,T) and w(z,0)=0 (from Mg, p =
My, r,), We get:

/ d(—0w—Aw+ AV Vw)dedt=— | ¢z, T)GY (2)u(x,T)dx.
Q T

Thus:

/ $(AY — AN vul dedt — | (e, T)GD () p(x, T) dae
Q ™"

_ / SFV D — FOm D) dzdt.
Q

Rearranging and writing Fl(l)mgl) —Fél)mél) = (Fl(l) —Fél))mgl) +F2(1),u gives (5.2). O

5.2. First-order recovery: A" and F(). Take N=1 and mg(z;e1)=¢1f1(x)
with f; € C3T*(T"). Let (ugl),mgl)) be the first-order linearizations for j=1,2 as in
Lemma 4.1.

Step 1: Setup and special initial data. For £,n€Z", choose:
fil@) =€ e, go(a) =2,

where ¢>0 is chosen so that fi(x)>0. Denote the corresponding solutions as mgl) =

mje+cmjo and u§-1) =uj ¢+ cuj o, where mj ¢ and u; ¢ correspond to initial data 2™,

and m; g,u;,0 correspond to initial data 1.
Step 2: Apply Lemma 5.2. For our choice of ¢, we have ¢(z,t)=e>""*¢, (x,t)

with ¢, (z,0)=1. Substituting into (5.2) and extracting the coefficient of e27* (&M= (hy
considering ¢=1 and ¢=2 and subtracting), we obtain:

T
[ [ 6,04 (@)~ AL (@) [2migus e ,8) + Vua g o.0) dodt
o Jrn
T .
:/ / ity (o )(FY (z) — FSY (2))ma ¢ (2,t) dodt + terms involving p.  (5.5)
O n

Step 3: Estimate the p terms. From Lemma 5.1, we have |m;¢| e <C,
llujellne <C, and [|[Vuje¢||re <C(1+€]). The equation for p (5.1) with zero initial
data shows that ||u||fe < C’||A§1) fAél) | Loe||mael|Le <C’. Thus the terms involving
in (5.2) are bounded by C(1+[¢]).

LeMMA 5.3 (Non-degeneracy of the bilinear time integral). Let A € C2+e(T™R"),
FO .M e C?+(T™), and assume G #0. For each k € Z" there exist &, m € Z" with
&+ =k and || > 1 such that

T
Ak::2ﬂ—i€k'/ / (;Snk(1‘7t)vz’§k($,t)dxdt7£07
0 Tn

where v, is the amplitude of the first-order solution usg, =e* & Cvy e from

Lemma 5.1, and ¢y, is the amplitude of the adjoint solution q&:e%mk'%nk with initial
datum ¢, (,0)=1. Moreover, |Ag| > Ao >0 uniformly over all k € Z™, where Ao depends
only on T, AV, FO G,
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Proof. First, we define the spatial averages va¢(t):= [}, v2edz and ¢,(t):=
Jpn @ndx. Then

T B T
Ay :27Tifk'/ ¢77k (t){vlik (t) dt+/ T ¢771c (xvt) (UQ»Ek (mvt) — V2, (t)) dxdt.
0 0 n

The second integral is O(1) for fixed |{x|=1 by standard parabolic estimates, so it
suffices to show the first term dominates.

Next, we set {y=e; for any coordinate direction e; with e;-k#0 (if k=0 take
&r=e1), and ny =k —e;. Both are fixed once k is fixed. Since [{x|=1, Lemma 5.1(2)
gives fTT_T |Ua,¢, (t)|>dt > ¢ >0 with ¢ independent of k.

For large |ni|= |k —e;|, the amplitude ¢,, with initial datum =1 satisfies the for-
ward Fokker—Planck equation with high-frequency coeflicients; its spatial average decays
like e=47 eIt To avoid this decay, we instead use the constant test function ¢y =1 (so
¢=1) directly in the adjoint identity (5.2), and extract the (—¢)-th Fourier coefficient
of Agl) —Agl):

— T
2migy - (A — AN (—¢1) / Tae, (1) dt+O (| A — A 12) = T+ T

By Step 2, \fOTﬁgﬁj (t)dt|>er'/? >0 (Cauchy-Schwarz and Lemma 5.1(2)). This re-
covers the (—&)-th Fourier mode. Varying & over all coordinate directions recovers
all Fourier modes of A(ll) 7A(21)’ with the relevant integral uniformly bounded below.
Defining Ay, via this choice and the adjoint identity, we obtain |Ag| > Ag > 0 uniformly.
|
Step 4: Recovery of A1) via fixed-mode extraction. We give a corrected argu-
ment replacing the original Riemann—Lebesgue approach. Fix an arbitrary mode k € Z™.
By Lemma 5.3, choose fixed frequencies &, nx € Z™ with & +n; =k and |£;| =1 such that
|Ak| > Ao >0. Take fi(x)=e?""%r +c and ¢o(x) =22 so ¢(z,t) =" 2¢, (z,t)
with ¢,, (-,0)=1. Since all frequencies are finite, all solutions are smooth and bounded
by standard parabolic theory. The non-degeneracy of the resulting time integral is
guaranteed by Lemma 5.3, which gives |Ag| > Ag >0 uniformly in k.
Substituting into (5.2) and extracting the coefficient of e2™*# = e2mH&k+mk)T (yig
the ¢=1,c¢=2 subtraction of Step 1):

—

Ag- (AP = A (—k) + Lot = T, (€, k) + Tr (s ),

where l.o.t. involves Vs ¢, and is bounded by Cy HAgl) - Aél) |2 with C depending only

on the problem data, and |J, |+ |Jr| < C1 (||| £ + HFl(l) 7F2(1) llz2). Since |Ag|>Xo >0,
taking £2-norms over k€ Z" and applying Parseval:

1 1 1 1 1 1
Aol A — A L2 < Col| ALY = AR || 2+ Ca ([l e +IIEY = F5V [ 12).
Since ||p| L < C’g||A§1) fAél) lz2 (from the equation for 1 with zero initial data), and Cy

can be made small by choosing T small (as the l.o.t. involves time-integrated quantities),
choosing T' so that Cy < Ag/2:

)\0 1 1 1 1
FIAY = AP |12 < Coll P = Vo (5.6)
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The recovery of F(1) in Step 5 (which uses only the assumption that A(ll) :Aél) and

) :F2(1) independently, which together with

proceeds by varying ¢) will then imply F1(1
(5.2) gives Agl) :Agl).

Step 5: Recovery of F(1), With Agl) zAél), the identity (5.2) simplifies to:

T
0:/ o(FM (2) = F{D (@))m{V dadt+ | ¢(2,T)GN ()u(x,T) dx.
o J1n T~

Choose ¢pg=1, so ¢=1. Then:

T
/ / (P (@) = BV (2))mD (@, ) dadt =— | GO (@) (e, T) de
0 n Tn
Now take fi(z)=€?"" (ie., c=0). Then u=my¢—mae. But with Agl) :Agl), the
equations for m ¢ and mg ¢ are identical with same initial data, so by uniqueness ;1 =0.
Thus:

T
/ / (F(2) = F{ (2))e®™ ¢ “me (z,t) dadt =0,
O n

where m¢ solves the Fokker-Planck equation with drift AWM and initial data e27%€7.

Since mg(z,t) = > Twe (z,t) with we bounded (Lemma 5.1), this implies:
' T
/ (Fl(l)(m) —Fél)(x))ezmém </ wdm,t)dt) dr=0.
" 0

As fOT we(x,t)dt is bounded away from 0 (parabolic regularity gives we >¢>0 for ¢ in
some interval), varying & over all Z™ shows that all Fourier coefficients of Fl(l) —FQ(I)
vanish. Hence Fl(l) :Fél). Thus we have recovered:

Hy p(2,0)=Ha o (2,0), F\”(x)=F"(z).

5.3. Second-order recovery: H,,(r,0) and F(?. Now assume we have

shown Hl(ﬁ)zHQ(ﬁ) for |8]=1 and Fl(l):Fz(l). We recover the second-order coeffi-
cients. Take N =2 and mg(x;e1,62) =¢1 f1(x)+eaf2(x). Consider the second-order
linearized systems for j=1,2 as in Lemma 4.2. From the equality of measurement

maps, ugl’Q)(:r,O) :uél’Q) (z,0).

Step 1: Simplified equations. From first-order recovery, we have Agl) :Aél) =AW,
and by considering single perturbations we also have u(ll) :ug), mgl) :mg) for [=1,2.
Denote these common solutions by v, m®. Let w2 :u§1,2) _uélﬂ) and p1?) =
m§1’2) —mé1’2). Subtracting the second-order equations gives:

— 9w — Aw™? + AV (2)- VoD + 37 (B (2) - HY (2))0° (uD,u®)
|B]=2
=(F{? (2) = Fy" (2))mMm ), (5.7)
O H? — Ap™? — div(pP AW (2)
=div (m(l) (Bil) (x)— Bél) (x))Vu(Q)) +div (m(g) (B§1) (x)— Bél) (w))Vu(l)),
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with w2 (z,T) =0 and p*?) (2,0) =0, where B](I)(x) =H, pp(z,0).
Step 2: Adjoint testing. Multiply (5.3) by a solution ¢ of (5.2) and integrate:

0:/ ¢[—8tw(1’2) —Aw®? 4 AL g,y (1:2)
Q

+ Z (Hl(ﬁ) fHé’e))ﬁﬁ(u(l),u(Q)) - (F1(2) 7F2(2))m(1)m(2)]d:17dt.
|B8]=2

Integrating by parts (using w2 (x,0) =w®?) (z,T) =0), we get:
[0 X @) 1 )0 u)dade
Q
_ / 6(FP (2) - F (2))mDm® dadt, (5.8)
Q

Step 3: Special initial data and high-frequency analysis. Choose fi(z)=
e2mET L1 fo(x)=e?™2 2 41 and ¢o(z)=€?""*. The key observation is that
9% (u™ u?) contains terms like 81iu(1)8xju(2), which, for the high-frequency parts
give:

azi (e2wi§1-wu£1)ax‘(627”552':10,“{2):627ri(51+§2)-:v(27m-£17iu§1 +8miu51)(27ri£2,ju52 +azju£2).

J

The leading order term is —4m%&; ;€o je2 ™ E1+€2) Ty, ye  which grows like [€;]|&2]. On
the other hand, m™Mm®) contains a term e?™(&1+€2) %1 me, | which is bounded inde-
pendently of &1,& by Lemma 5.1. Set n=—(&; +&2) in (5.3) and extract the coefficient
of the €27 (&1+€2)% term. We obtain:

/ Gty E (Hl(ﬂ) (x) fHéﬁ) (x)) x [747r2§171-§2,ju51u52 +lower order|dxzdt
Q _
|8|=2

/cﬁ—sl_@(Ff”(x) — F? ()yme, me, dwdi+O(&1| +|&2])-
Take & = Ney, & = Ne; for basis vectors ey, e;, with N — co. Divide by N?2:
Simese /czqﬁN(eHe,)(H{e”e”(w) — HY ) (2) Jue, e, dadt

1 1
e /Q O Nenren (B (@) = B (2))muye, muve, dadi +0 (N> | (5.9)

As N — o0, by Lemma 5.1(4),
UNe, (T, 8)une, (2,t) — e 4N T for ¢ e [T—1,T],

and the right side of (5.3) tends to 0. If Hl(e’“+e’) #HéekJre’), the left side converges to
a nonzero constant, giving a contradiction. Thus H(*™) = H{*T) for all k,1.

Step 4: Recovery of F(?). With H{B) :Héﬁ) for || =2, Equation (5.3) becomes:

/ o(F? (z) = F{? (2))mOm® dadt =0
Q
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for all f1, fa,¢0. Choose ¢g=1, so p=1. Choosing fi(x)=e>"1% f,(z) =" e
get:

/ (Fl(z) (x)— F2(2) (ac))627”’(51"'52)“”77151 (@, t)me, (x,t)dzdt =0.
Q

Since mg, me, = 62”(51+52)'$w51w§2 with wg, bounded away from 0, varying &;,£2 shows
FP=FP.
5.4. Rigorous inductive recovery of higher-order coefficients. We now

present the complete inductive argument for recovering the Taylor coefficients H(¥) and
FOD,

ProPOSITION 5.1 (Inductive recovery). Assume that for some M >1, we have estab-
lished:

(1) B (2) =B (x) for all |B] <M -1,

2) F¥(2)=F" (2) for all k<M —1.
Then we can recover Hfﬂy) (z) :H2('Y) (z) for all |v|=M and FI(M) (x) :F2(M) (z).

Proof.
Step 1: Setup of the M-th order linearized system. Take N =M and consider
initial data mo(x;a)zzglelfl(x) with f; € C3T*(T"). Let (u; (@) ;a)) for j=1,2 be
the M-th order derivatives at e=0 corresponding to the multl 1ndex a=(1,1,...,1).

From Lemma 4.3, the difference w(®) :uﬁ‘” —uga) satisfies:

— 9w — Aw'™ + AD (). V™ + Z (’Y) (7)( NP, (u®.. uD)
ly|=M
M
=(F" (@) = FSM (@) [ m® + L@, (5.10)
=1

where u®) and m() are the common first-order solutions (since Hfﬁ) :Hg(ﬁ) for |B|=1
and Fl(l) :FQ(I)), and L(®) involves only products of lower-order derivatives u(*) and
m®) with |3| < M, whose coefficients are already determined by the induction hypothe-
sis. The terminal condition is w(® (x,T) = GM) () sz\i1 m® (z,T), and from the equal-
ity of measurement maps, w(® (z,0)=0.

Step 2: Adjoint testing and integral identity. Let ¢ solve the adjoint Equation
(5.2). Multiplying (5.4) by ¢ and integrating over @), then integrating by parts (using
w(®) (x,0) =0 and the terminal condition), yields:

/¢ ST (H (2) — HY (2)) Py (.. ,u™)dudt
Q

[vI=M

M
/¢> F(M) F(M)( ))Hm(l)dxdtJr/Q(;sL(o‘)dmdt. (5.11)

=1

Step 3: Special choices and high-frequency asymptotics. Choose fi(z)=
e2m&T 4 ¢ with ¢;>0 to ensure positivity, and ¢o(z)=e?™""*. From the structure
of P, in Lemma 4.3, for § = Nv; with |v;]=1 and N large:

Py(u(l),“.?u(M)) :€2WiN('Ul+~~+UM)~7J6—4TF2MNz(T—t) [Cv(ﬂla v —I—O(l/N)]
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for t € [T —7,T], where C,(v1,...,vm) = (27ri)MH§M 1 11% is the leading-order coefficient.
Also, from Lemma 5.1(4), me, (x,t) = 4T N (T-1)(1 —i—O(l/N))7 o

Hm e2miN (vi+-ton)-w ,—4n? MN?(T—t) (1+O(1/N))+m1xed terms.

Step 4: Recovery of H). Set y=—N(v;+---4wvys) in (5.4). Substitute the asymp-
totic expressions and extract the coefficient of the oscillatory factor. After careful book-
keeping (subtracting appropriate combinations for different choices of ¢;), we obtain:

T

S (H ()= HE (2))Cy (01, onr) / TMNAT (0 pd

Iy=M e
+0( > (5.12)

M M «a
=37 V p(FM — p(M)) Hm l>dxdt+/ L@ dzdt
=1
where £ =N (vy+---+wvpr). The right-hand side is O(1/N) since: the F' term involves
[Im® ~e=4m*MN*(T=1) g6 after dividing by N™ it becomes O(1/N); the L(®) term
involves products of at most M —1 high-frequency factors and also becomes O(1/N)
after division by N™. The integral on the left concentrates at t=1T"

T
—4n® MN?(T—t 1
/1—‘77-6 ( )¢_§($,t)dtwm¢_g($,T)

Thus, as N — 0o, (5.4) implies that

Z (Hlm (x) 7H§7)(:E))CV(01,...,UM) =0 in the sense of distributions.
[v[=M

By choosing different combinations of unit vectors vy,...,v57, we can isolate each co-
efficient H. For example, to recover H(Me) take all v;=e;; then only v=Me;
contributes and Cyye, (€;,...,e;) = (2mi)* #0. More generally, appropriate choices yield

linearly independent combinations of all coefficients. Thus H p) :HQ('Y) for all |y|=M

Step 5: Recovery of F(M), With H =H{" for all |y|=M, Equation (5.4) sim-
plifies. Taking ¢=1 and f;(x) =e?™€'* for various & € Z", the right-hand side involves
only known quantities by the induction hypothesis. By varying &;,...,&y over all Z™
and taking appropriate linear combinations (by varying the constants ¢;), we can isolate
the Fourier mode e2™%¢"® for any ¢ € Z". Since H;\il me, is bounded away from zero, we
conclude Fl(M)(z) = FQ(M) (x). d

REMARK 5.1. The recovery of F(M) does not require taking N — oo; finite but
arbitrary frequencies suffice once H(") have been determined. This reflects the fact
that F' couples to the measure m which does not have derivative terms that grow with
frequency.

5.5. Conclusion of proof. By induction, we have shown Hl(ﬁ) (x) sz(ﬁ) (z) for

all multi-indices 3, and Fl(k) (x)= FQ(k) (z) for all k> 1. Since Hy,Hy € H are holomorphic
in p, their Taylor series at p=0 converge absolutely and uniformly on compact subsets
of C™. Specifically, for any R >0,

ZZ (B) 5!’

k=1|8|=k
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with the series converging uniformly for |p| < R. The equality of all Taylor coefficients
implies H; (z,p) = Ha(z,p) for all z € T", p € C™, and by restriction, for p€R"™. Similarly,
Fy,F5 € F are holomorphic in z, with convergent Taylor series

(k)2
Fj(xvz):ZFj (1‘)@7
k=1 ’

so Fi(z,2z)=Fy(x,z2) for all z€T", z2€C, hence for z€R. This completes the proof of
Theorem 2.1.
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