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RECOVERY OF A GENERAL ANALYTIC HAMILTONIAN AND
RUNNING COSTS IN MEAN FIELD GAMES∗

WEINAN WANG†

Abstract. In this paper, we consider an inverse problem for mean field games (MFGs) where both
the Hamiltonian and the running cost are unknown. More precisely, we consider an MFG system on
the n-dimensional torus Tn with a general Hamiltonian H(x,p) analytic in the momentum variable
p, and a running cost F (x,m) analytic in the measure variable m. The terminal cost is assumed
known. We introduce a measurement map MH,F that sends initial population distributions to the
total cost at time zero. Our main result shows that under appropriate admissibility conditions, the
measurement map MH,F uniquely determines both the Hamiltonian H and the running cost F . The
proof employs a higher-order linearization technique that decouples the effects of H and F at different
orders of linearization, combined with Fourier analysis and high-frequency asymptotics for the linearized
equations.
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1. Introduction
Mean field game (MFG) theory, introduced independently by Caines–Huang–

Malhame [1, 2] and Lasry–Lions [10, 11], provides a powerful analytical framework for
studying strategic interactions in large populations of rational agents. The theory for-
mulates these interactions through a coupled system of forward-backward partial dif-
ferential equations: a Hamilton–Jacobi–Bellman equation governing the optimal cost
of a representative agent, and a Fokker–Planck equation describing the evolution of
the population distribution. In practical scenarios, agents often face uncertainty about
the precise structure of their environment—specifically, the Hamiltonian encoding their
kinetic costs and the running cost representing interactions with the population. How-
ever, outcomes such as the total cost u(·,0) at the game’s inception may be observable.
This naturally leads to inverse problems for MFGs, where one seeks to recover unknown
components of the governing equations from measurable data.

Recent years have seen growing interest in such inverse problems, with contribu-
tions spanning both numerical [3,7] and theoretical approaches. On the theoretical side,
Liu–Mou–Zhang [25] established several unique identifiability results under various as-
sumptions: when the Hamiltonian is quadratic and the running cost unknown; when
the Hamiltonian is known (but general) and the running cost unknown; or when both
the running and terminal costs are unknown but the Hamiltonian remains quadratic.
Their work left open the question of whether both a general analytic Hamiltonian and
the running cost could be determined simultaneously from interior measurements. Con-
currently, a distinct line of inquiry has explored inverse problems using boundary mea-
surements. Liu and Lo [14] considered the challenging scenario where not only the
Hamiltonian and running cost are unknown, but also the system’s stationary state.
By employing complex geometric optics solutions and linearizing around an unknown
nontrivial steady state, they proved simultaneous recovery of a quadratic Hamiltonian,
running cost, and the stationary solution from Cauchy data on the boundary. Their
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arguments rely crucially on the quadratic structure of the Hamiltonian and the avail-
ability of complex geometric optics solutions, techniques that do not extend to general
analytic Hamiltonians. Related works [15–18] have further developed the boundary
measurement approach under various constraints. Meanwhile, other researchers have
investigated inverse problems using final-time [9] or internal [8] measurements, often em-
ploying Carleman estimates to establish stability. Beyond the specific context of MFGs,
recent progress has also been made on inverse problems for other nonlinear evolution
equations, including active scalar equations [12] with fractional Laplacian and semi-
linear wave equations [13] with partial data, as well as for non-local models governed
by fractional and integro-differential operators [4, 5, 15,19–24,26].

The present paper addresses the aforementioned open question from a different an-
gle. We consider a measurement map MH,F that sends small initial distributions to
the resulting total cost at time zero—an arguably natural observable when one can
influence the initial population and measure the ensuing aggregate cost. Within this
framework, we prove that both a general analytic Hamiltonian H(x,p) and an analytic
running cost F (x,m) can be uniquely recovered. Our setting differs substantively from
the boundary-measurement paradigm in several key aspects: we consider interior mea-
surements rather than boundary data; our Hamiltonian is not restricted to quadratic
forms but belongs to the broad class of analytic functions; and the stationary state in
our setting is trivial (the zero state) rather than an additional unknown to be recov-
ered. Methodologically, our approach extends the higher-order linearization technique
of [25] but requires novel refinements to disentangle the coupled influences of H and F .
At each order of linearization, the Hamiltonian contributes terms involving products of
spatial derivatives of the value function, whereas the running cost contributes source
terms depending on products of the population distribution. A key technical innovation
is the development of rigorous high-frequency asymptotics for solutions to the linearized
equations, which allows us to separate these different types of terms through Fourier
analysis. The proof combines parabolic well-posedness theory, adjoint methods, and
harmonic analysis on the torus.

Thus our work complements the concurrent result of Liu and Lo [14]: while they
recover a quadratic Hamiltonian alongside an unknown stationary state from boundary
data, we recover a general analytic Hamiltonian from initial-to-final interior measure-
ments. Together, these works address different but equally important scenarios and
employ distinct technical approaches, significantly expanding the known scope of simul-
taneously identifiable parameters in MFG systems.

The rest of the paper is organized as follows. Section 2 introduces notation, the MFG
system, admissibility classes, and states our main theorem. Section 3 establishes local
well-posedness of the forward problem. Section 4 details the higher-order linearization
procedure. Section 5 contains the complete proof of unique identifiability, including the
crucial high-frequency asymptotics lemmas.

2. Preliminaries and main results

2.1. Notation and function spaces. Let n∈N and Tn :=Rn/Zn be the n-
dimensional torus. For α∈ (0,1) and k∈N0 :=N∪{0}, we denote by Ck+α(Tn) the space
of functions whose derivatives up to order k are α-Hölder continuous, with norm

∥f∥Ck+α(Tn) :=
∑
|β|≤k

sup
x∈Tn

|Dβf(x)|+
∑
|β|=k

sup
x̸=y

|Dβf(x)−Dβf(y)|
|x−y|α

.
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For functions on Tn× [0,T ], we use the parabolic Hölder spaces Ck+α, k+α
2 (Tn× [0,T ])

with norm

∥f∥
Ck+α, k+α

2
:=

∑
|β|+2j≤k

sup
Q

|Dβ
xD

j
t f |+

∑
|β|+2j=k

sup
(x,t)̸=(y,s)

|Dβ
xD

j
t f(x,t)−Dβ

xD
j
t f(y,s)|

|x−y|α+ |t−s|α/2
.

Define Q :=Tn× [0,T ] and let P(Tn) denote the space of probability measures on Tn.

We consider initial distributions in the set

Oa :=

{
m0∈C2+α(Tn) :m0≥0,

ˆ
Tn

m0(x)dx=a

}
,

where a∈ [0,1]. As explained in [25], this allows for the possibility that the game domain
consists of several disjoint subdomains.

2.2. Admissibility classes. We introduce analyticity classes for the Hamilto-
nian H and running cost F .

Definition 2.1 (Admissible Hamiltonian). A function H :Tn×Cn→C is called ad-
missible, denoted H ∈H, if:

(1) For each fixed p∈Cn, H(·,p)∈C2+α(Tn), and the map p 7→H(·,p) is holomor-
phic from Cn to C2+α(Tn) for some α∈ (0,1);

(2) H(x,0)=0 for all x∈Tn.

For H ∈H, we have the power series expansion

H(x,p)=

∞∑
k=1

∑
|β|=k

H(β)(x)
pβ

β!
,

where β=(β1,. ..,βn)∈Nn
0 is a multi-index, pβ =pβ1

1 ·· ·pβn
n , β!=β1!· ··βn!, and H(β)∈

C2+α(Tn). The series converges absolutely and uniformly on compact subsets of Cn.
We assume all coefficient functions are real-valued when restricted to real arguments.

Remark 2.1 (Non-quadratic Hamiltonians and the adjoint structure). The class H
includes all analytic Hamiltonians vanishing at p=0, in particular non-quadratic ones.
As a concrete example, for p∈Rn the cubic (|β|=3) Hamiltonian takes the form

H(x,p)=
∑
i

ai(x)pi+
1

2

∑
i,j

bij(x)pipj+
1

6

∑
i,j,k

cijk(x)pipjpk,

with ai,bij ,cijk ∈C2+α(Tn) admissible in the sense of Definition 2.1. Here H(ei)(x)=
ai(x), H

(ei+ej)(x)= bij(x), and H
(ei+ej+ek)(x)= cijk(x). A representative purely cubic

choice is H(x,p)=σ(x)(p31+p1p
2
2+ ·· ·+p3n) for σ∈C2+α(Tn), arising in models with

super-linear velocity costs.
We also explain why the MFG system (2.3) is a pair of adjoint equations. Setting

A(1)(x)=Hp(x,0), the first-order linearised system (cf. Section 4) reads{
−∂tu(1)−∆u(1)+A(1)(x) ·∇u(1)=F (1)(x)m(1),

∂tm
(1)−∆m(1)−div(m(1)A(1)(x))=0.

Defining Lϕ :=−∂tϕ−∆ϕ+A(1) ·∇ϕ, its formal L2-adjoint is L∗ψ=∂tψ−∆ψ−
div(A(1)ψ), which is precisely the operator governing m(1). This adjoint pairing en-
ables the integration-by-parts identities in Lemma 5.2 and is a structural feature of all
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MFG systems derived from optimal control: the HJB equation and the Fokker–Planck
equation are always adjoints with respect to the optimal drift, regardless of whether H
is quadratic.

Definition 2.2 (Admissible running cost). A function F :Tn×C→C is called ad-
missible, denoted F ∈F , if:

(1) For each fixed z∈C, F (·,z)∈C2+α(Tn), and the map z 7→F (·,z) is holomorphic
from C to C2+α(Tn) for some α∈ (0,1);

(2) F (x,0)=0 for all x∈Tn.

For F ∈F , we have the expansion

F (x,z)=

∞∑
k=1

F (k)(x)
zk

k!
,

with F (k)∈C2+α(Tn), converging absolutely and uniformly on compact subsets of C.

2.3. Forward MFG system. We consider the MFG system:
−∂tu(x,t)−∆u(x,t)+H(x,∇u(x,t))=F (x,m(x,t)), in Tn×(0,T ),

∂tm(x,t)−∆m(x,t)−div
(
m(x,t)Hp(x,∇u(x,t))

)
=0, in Tn×(0,T ),

u(x,T )=G(x,m(x,T )), m(x,0)=m0(x), in Tn,

(2.1)

where G :Tn×R→R is a known terminal cost. We assume G satisfies similar analyticity
conditions: G∈G, where G is defined analogously to F with G(x,0)=0.

2.4. Inverse problem and measurement map. For given H ∈H and F ∈F ,
let (u,m) be the solution to (2.3) with initial conditionm0∈Oa. Define themeasurement
map

MH,F :Oa→C2+α(Tn), MH,F (m0) :=u(·,0).

This map sends an initial population distribution to the total cost at time zero. The
inverse problem we study is:

Given MH,F , determine H and F.

2.5. Main result. Our main theorem establishes the unique identifiability of
both H and F from the measurement map.

Theorem 2.1 (Simultaneous recovery of H and F ). Let H1,H2∈H and F1,F2∈
F . Let G∈G be a known terminal cost. For j=1,2, let MHj ,Fj

be the measurement
map associated with the MFG system (2.3) with Hamiltonian Hj and running cost Fj.
Suppose there exists δ>0 such that for all m0∈Oa with ∥m0∥C2+α(Tn)≤ δ, we have

MH1,F1(m0)=MH2,F2(m0).

Then

H1(x,p)=H2(x,p) and F1(x,z)=F2(x,z)

for all x∈Tn, p∈Rn, and z∈R.

Remark 2.2. The requirement that m0 be small is needed for the well-posedness of
the forward problem (Theorem 3.1). The equality of measurement maps for small m0
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suffices to determine the Taylor coefficients of H and F at the origin, which uniquely
determine the analytic functions.

Remark 2.3. Unlike Theorem 6.1 in [25] which assumes H is known, our theorem
allows both H and F to be unknown. The proof requires analyzing the coupling between
their Taylor coefficients at each order of linearization.

3. Well-posedness of the forward problem
In this section, we establish the local well-posedness of the MFG system (2.3) for

small initial data, which is needed for the higher-order linearization procedure.

Lemma 3.1 (Linear parabolic estimates). Let A∈Cα,α/2(Q;Rn), f ∈Cα,α/2(Q), and
v0∈C2+α(Tn). Consider the initial value problem{

∂tv−∆v−div(A(x,t)v)=f(x,t), in Tn×(0,T ),

v(x,0)=v0(x), in Tn.

There exists a unique solution v∈C2+α,1+α/2(Q) satisfying

∥v∥C2+α,1+α/2(Q)≤C(∥v0∥C2+α(Tn)+∥f∥Cα,α/2(Q)),

where C depends on ∥A∥Cα,α/2(Q), T , and n.

Proof. We rewrite the equation as

∂tv−∆v−A ·∇v−(divA)v=f.

Since A∈Cα,α/2(Q;Rn), we have divA∈Cα−1,α−1
2 (Q) if α>1. Define the operator

Lv=∂tv−∆v−A ·∇v. First, we establish an a priori estimate. Multiply the equation
by v and integrate:

1

2

d

dt
∥v∥2L2 +∥∇v∥2L2 =

ˆ
Tn

(A ·∇v+(divA)v+f)vdx

≤∥A∥L∞∥∇v∥L2∥v∥L2 +∥divA∥L∞∥v∥2L2 +∥f∥L2∥v∥L2 .

Using Young’s inequality and Grönwall’s lemma yields ∥v∥L∞(0,T ;L2)+∥∇v∥L2(Q)≤C.
For Hölder estimates, we use the method of freezing coefficients. Fix (x0,t0)∈Q and
consider the constant coefficient operator

L0v=∂tv−∆v−A(x0,t0) ·∇v.

The fundamental solution Γ0(x,t;y,s) for L0 satisfies

|∂βx∂γyΓ0(x,t;y,s)|≤C(t−s)−(n+|β|+|γ|)/2e−c|x−y|2/(t−s).

Write v=v1+v2 where v1 solves L0v1=f with zero initial data, and v2 solves L0v2=
(A(x,t)−A(x0,t0)) ·∇v+(divA)v with initial data v0. By the Schauder theory for con-
stant coefficient operators (Theorem 5.1 in [27]),

∥v1∥C2+α,1+α/2 ≤C∥f∥Cα,α/2 .

For v2, we use a fixed point argument. Define the mapping T :w 7→z where z solves

L0z=(A(x,t)−A(x0,t0)) ·∇w+(divA)w, z(x,0)=v0(x).



2004 RECOVERY OF HAMILTONIAN AND RUNNING COSTS IN MFGs

Since |A(x,t)−A(x0,t0)|≤C(|x−x0|α+ |t− t0|α/2), the operator T is a contraction on

C1+α, 1+α
2 for sufficiently small T or with appropriate weights. The existence of a unique

fixed point follows from Banach’s fixed point theorem. Uniqueness follows from the
maximum principle. More precisely, if v1,v2 are two solutions, their difference w satisfies
Lw=0 with w(x,0)=0. Multiplying by w and integrating gives 1

2
d
dt∥w∥

2
L2 +∥∇w∥2L2 ≤

C∥w∥2L2 , so by Grönwall, w≡0.

Now we prove the well-posedness of the nonlinear MFG system.

Theorem 3.1 (Well-posedness). Let H ∈H, F ∈F , and G∈G. There exist constants
δ>0 and C>0 such that for any m0∈C2+α(Tn) with ∥m0∥C2+α(Tn)≤ δ, the MFG sys-

tem (2.3) has a unique solution (u,m)∈C2+α,1+α
2 (Q)×C2+α,1+α

2 (Q) satisfying

∥u∥
C2+α,1+α

2 (Q)
+∥m∥

C2+α,1+α
2 (Q)

≤C∥m0∥C2+α(Tn).

Moreover, the solution map S :m0 7→ (u,m) is holomorphic from Bδ(C
2+α(Tn)) to

C2+α,1+α
2 (Q)2.

Proof. We use the implicit function theorem in Banach spaces. Define:

X1 :=C
2+α(Tn),

X2 :=C
2+α,1+α

2 (Q)×C2+α,1+α
2 (Q),

X3 :=C
2+α(Tn)×C2+α(Tn)×Cα,α2 (Q)×Cα,α2 (Q).

Define Φ :X1×X2→X3 by

Φ(m0,u,m) :=
(
u(·,T )−G(·,m(·,T )),
m(·,0)−m0,

−∂tu−∆u+H(·,∇u)−F (·,m),

∂tm−∆m−div(mHp(·,∇u))
)
.

Φ is well-defined and holomorphic. Since H is holomorphic in p, H(·,∇u) is a
holomorphic function of ∇u with values in Cα,α/2(Q). Similarly, F (·,m) and G(·,m) are
holomorphic in m. The derivative terms preserve the regularity. Thus Φ is holomorphic
(see [28, Theorem 1]). We see Φ(0,0,0)=0, which follows from H(x,0)=0, F (x,0)=0,
and G(x,0)=0. For the derivative at (0,0,0), we compute D(u,m)Φ(0,0,0)(v,µ):

D(u,m)Φ1(0,0,0)(v,µ)=v(·,T )−G(1)(·)µ(·,T ),
D(u,m)Φ2(0,0,0)(v,µ)=µ(·,0),
D(u,m)Φ3(0,0,0)(v,µ)=−∂tv−∆v+Hp(·,0) ·∇v−F (1)(·)µ,
D(u,m)Φ4(0,0,0)(v,µ)=∂tµ−∆µ−div(µHp(·,0)).

Let A(1)(x) :=Hp(x,0)∈C2+α(Tn;Rn). To show D(u,m)Φ(0,0,0) is an isomorphism, we
need to show that for any (r1,r2,f1,f2)∈X3, there exists a unique (v,µ)∈X2 such that

v(·,T )−G(1)(·)µ(·,T )= r1,
µ(·,0)= r2, (3.1)

−∂tv−∆v+A(1) ·∇v−F (1)µ=f1, (3.2)

∂tµ−∆µ−div(µA(1))=f2. (3.3)
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First, solve (3) with initial condition (3). This is a linear parabolic equation of the form

∂tµ−∆µ−A(1) ·∇µ−(divA(1))µ=f2.

By Lemma 3.1 (applied with drift A(1) and right-hand side f2), there exists a unique
solution µ∈C2+α,1+α/2(Q) with

∥µ∥C2+α,1+α/2 ≤C(∥r2∥C2+α +∥f2∥Cα,α/2).

Now solve (3) backward in time. Let τ =T − t, ṽ(x,τ)=v(x,T −τ), µ̃(x,τ)=µ(x,T −τ),
f̃1(x,τ)=f1(x,T −τ). Then

∂τ ṽ−∆ṽ+A(1) ·∇ṽ=F (1)µ̃+ f̃1,

with initial condition ṽ(x,0)=G(1)(x)µ(x,T )+r1(x). Again by Lemma 3.1, there exists
a unique solution ṽ∈C2+α,1+α/2(Q), hence v∈C2+α,1+α/2(Q). To show the linear map
(r1,r2,f1,f2) 7→ (v,µ) is bounded, we need to estimate ∥v∥C2+α,1+α/2 . From the solution
of (3):

∥µ∥C2+α,1+α/2 ≤C1(∥r2∥C2+α +∥f2∥Cα,α/2).

For v, we have two contributions: the homogeneous solution with initial data
G(1)µ(·,T )+r1, and the particular solution from F (1)µ+f1. By linearity and Lemma
3.1:

∥v∥C2+α,1+α/2 ≤C2(∥G(1)µ(·,T )+r1∥C2+α +∥F (1)µ+f1∥Cα,α/2)

≤C3(∥µ∥C2+α,1+α/2 +∥r1∥C2+α +∥f1∥Cα,α/2)

≤C4(∥r1∥C2+α +∥r2∥C2+α +∥f1∥Cα,α/2 +∥f2∥Cα,α/2).

Thus D(u,m)Φ(0,0,0) is bounded. Injectivity follows from uniqueness of solutions to
linear parabolic equations. Surjectivity follows from our construction. By the open
mapping theorem, it is an isomorphism. By the analytic implicit function theorem
in Banach spaces (Theorem 15.3 in [6]), there exist neighborhoods U ⊂X1 of 0 and
V ⊂X2 of (0,0), and a holomorphic map S :U→V such that Φ(m0,S(m0))=0 for all
m0∈U , and S(0)=(0,0). To ensure S maps into probability measures (nonnegative
with integral a), we need to verify that if m0∈Oa, then m(·,t)≥0 and

´
Tnm(x,t)dx=a

for all t. This follows from the maximum principle for the Fokker-Planck equation and
conservation of mass:

d

dt

ˆ
Tn

m(x,t)dx=

ˆ
Tn

[∆m+div(mHp(x,∇u))]dx=0.

Thus
´
Tnm(x,t)dx=

´
Tnm0(x)dx=a. Next, we show uniqueness. If (u1,m1) and

(u2,m2) are two solutions in V , then Φ(m0,u1,m1)=Φ(m0,u2,m2)=0. Since S is
uniquely defined, we have (u1,m1)=(u2,m2).

Corollary 3.1. The measurement map MH,F :m0 7→u(·,0) is holomorphic on
Bδ(C

2+α(Tn)).

Proof. MH,F =π1 ◦S|t=0, where π1 :X2→C2+α,1+α/2(Q) is projection onto the
first component and S is the solution map from Theorem 3.1. The evaluation at t=0
is a bounded linear operator from C2+α,1+α/2(Q) to C2+α(Tn). The composition of
holomorphic maps is holomorphic.
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4. Higher-order linearization
The key tool for proving Theorem 2.1 is a higher-order linearization technique. We

perturb the initial condition m0 by multiple parameters and differentiate the resulting
solution with respect to these parameters.

4.1. Notation. Let N ∈N and f1,. ..,fN ∈C2+α
+ (Tn) (nonnegative functions).

For ε=(ε1,. ..,εN )∈ [0,δ)N with δ from Theorem 3.1, define

m0(x;ε) :=

N∑
l=1

εlfl(x).

By Theorem 3.1, for |ε| sufficiently small, there exists a unique solution (u(x,t;ε),m(x,t;ε))

to (2.3) with initial condition m0(·;ε). Note that (u(x,t;0),m(x,t;0))=(0,0) due to the
zero conditions on H, F , and G. For a multi-index α=(α1,. ..,αN )∈NN

0 , we define

u(α)(x,t) :=
∂|α|u

∂εα
(x,t;0), m(α)(x,t) :=

∂|α|m

∂εα
(x,t;0),

where |α|=α1+ ·· ·+αN and ∂εα=∂εα1
1 ·· ·∂εαN

N . We will particularly need derivatives
with respect to single parameters and pairs of parameters. For l∈{1, ... ,N}, denote

u(l)(x,t) :=
∂u

∂εl
(x,t;0), m(l)(x,t) :=

∂m

∂εl
(x,t;0).

For l,k∈{1,. ..,N}, denote

u(l,k)(x,t) :=
∂2u

∂εl∂εk
(x,t;0), m(l,k)(x,t) :=

∂2m

∂εl∂εk
(x,t;0).

4.2. First-order linearization. We differentiate (2.3) with respect to εl at
ε=0.

Lemma 4.1 (First-order linearized system). The pair (u(l),m(l)) satisfies
−∂tu(l)−∆u(l)+A(1)(x) ·∇u(l)=F (1)(x)m(l), in Tn×(0,T ),

∂tm
(l)−∆m(l)−div

(
m(l)A(1)(x)

)
=0, in Tn×(0,T ),

u(l)(x,T )=G(1)(x)m(l)(x,T ), in Tn,

m(l)(x,0)=fl(x), in Tn,

(4.1)

where A(1)(x)=Hp(x,0)=(H(e1)(x),. ..,H(en)(x)) with ei the standard basis vectors.

Proof. We differentiate each equation in (2.3) term by term at ε=0.

(1) Hamilton–Jacobi equation:

∂

∂εl

[
−∂tu−∆u+H(x,∇u)−F (x,m)

]∣∣
ε=0

=−∂tu(l)−∆u(l)+
∂

∂εl
H(x,∇u)

∣∣
ε=0

− ∂

∂εl
F (x,m)

∣∣
ε=0

.

For H, using the chain rule and H(x,0)=0:

∂

∂εl
H(x,∇u)

∣∣
ε=0

=Hp(x,∇u)
∣∣
ε=0

·∇u(l)=Hp(x,0) ·∇u(l)=A(1)(x) ·∇u(l).
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For F , using F (x,0)=0:

∂

∂εl
F (x,m)

∣∣
ε=0

=Fz(x,m)
∣∣
ε=0

m(l)=F (1)(x)m(l).

Thus

−∂tu(l)−∆u(l)+A(1)(x) ·∇u(l)−F (1)(x)m(l)=0.

(2) Fokker–Planck equation:

∂

∂εl

[
∂tm−∆m−div(mHp(x,∇u))

]∣∣
ε=0

=∂tm
(l)−∆m(l)− ∂

∂εl

[
div(mHp(x,∇u))

]∣∣
ε=0

.

For the divergence term:

∂

∂εl

[
div(mHp(x,∇u))

]∣∣
ε=0

=div
(
m(l)Hp(x,∇u)

∣∣
ε=0

)
+div

(
m
∣∣
ε=0

∂

∂εl
Hp(x,∇u)

∣∣
ε=0

)
=div

(
m(l)Hp(x,0)

)
+div

(
0 ·Hpp(x,0)∇u(l)

)
=div

(
m(l)A(1)(x)

)
.

Thus

∂tm
(l)−∆m(l)−div

(
m(l)A(1)(x)

)
=0.

(3) Terminal condition:

∂

∂εl

[
u(x,T )−G(x,m(x,T ))

]∣∣
ε=0

=u(l)(x,T )−G(1)(x)m(l)(x,T )=0.

(4) Initial condition:

∂

∂εl

[
m(x,0)−m0(x;ε)

]∣∣
ε=0

=m(l)(x,0)−fl(x)=0.

4.3. Second-order linearization. Now differentiate twice. For l,k∈{1,.. .,N},
we compute u(l,k) and m(l,k).

Lemma 4.2 (Second-order linearized system). The pair (u(l,k),m(l,k)) satisfies

−∂tu(l,k)−∆u(l,k)+A(1)(x) ·∇u(l,k)+
∑
|β|=2

H(β)(x)∂β(u(l),u(k))

=F (1)(x)m(l,k)+F (2)(x)m(l)m(k),

in Tn×(0,T ),

∂tm
(l,k)−∆m(l,k)−div

(
m(l,k)A(1)(x)

)
=R(l,k), in Tn×(0,T ),

u(l,k)(x,T )=G(1)(x)m(l,k)(x,T )+G(2)(x)m(l)(x,T )m(k)(x,T ), in Tn,

m(l,k)(x,0)=0, in Tn,
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where

∂β(u(l),u(k))=
1

β!

∑
σ∈S2

n∏
i=1

∂βi
xi
u(σ(l))∂βi

xi
u(σ(k))

for |β|=2 (sum over the two permutations of {l,k}), and

R(l,k)=div
(
m(l)B(1)(x)∇u(k)

)
+div

(
m(k)B(1)(x)∇u(l)

)
,

with B(1)(x)=Hpp(x,0) the Hessian matrix of H in p at p=0.

Proof. We differentiate each equation twice.

(1) Hamilton–Jacobi equation, second derivative:

∂2

∂εl∂εk

[
−∂tu−∆u+H(x,∇u)−F (x,m)

]∣∣
ε=0

=−∂tu(l,k)−∆u(l,k)+
∂2

∂εl∂εk
H(x,∇u)

∣∣
ε=0

− ∂2

∂εl∂εk
F (x,m)

∣∣
ε=0

.

For H(x,∇u), use the multivariate Faà di Bruno formula. Write p=∇u. Then

∂2

∂εl∂εk
H(x,∇u)

∣∣
ε=0

=Hp(x,0) ·∇u(l,k)+(∇u(l))THpp(x,0)(∇u(k))

=A(1)(x) ·∇u(l,k)+
n∑

i,j=1

∂2H

∂pi∂pj
(x,0)∂xi

u(l)∂xj
u(k).

The second term can be written as
∑

|β|=2H
(β)(x)∂β(u(l),u(k)) where for β=ei+ej :

H(β)(x)=
∂2H

∂pi∂pj
(x,0), ∂β(u(l),u(k))=∂xi

u(l)∂xj
u(k).

For i= j, β=2ei, H(β)(x)= 1
2
∂2H
∂p2

i
(x,0), and ∂β(u(l),u(k))=2∂xiu

(l)∂xiu
(k). For

F (x,m), using F (x,0)=0 and the chain rule:

∂2

∂εl∂εk
F (x,m)

∣∣
ε=0

=F (1)(x)m(l,k)+F (2)(x)m(l)m(k).

Thus the Hamilton–Jacobi part gives:

−∂tu(l,k)−∆u(l,k)+A(1)(x) ·∇u(l,k)+
∑
|β|=2

H(β)(x)∂β(u(l),u(k))

F (1)(x)m(l,k)+F (2)(x)m(l)m(k).

(2) Fokker–Planck equation, second derivative:

∂2

∂εl∂εk

[
∂tm−∆m−div(mHp(x,∇u))

]∣∣
ε=0

=∂tm
(l,k)−∆m(l,k)− ∂2

∂εl∂εk

[
div(mHp(x,∇u))

]∣∣
ε=0

.
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Compute the divergence term:

∂2

∂εl∂εk

[
div(mHp(x,∇u))

]∣∣
ε=0

=div
(
m(l,k)Hp(x,0)

)
+div

(
m(l) ∂

∂εk
Hp(x,∇u)

∣∣
ε=0

)
+div

(
m(k) ∂

∂εl
Hp(x,∇u)

∣∣
ε=0

)
+div

(
m
∣∣
ε=0

∂2

∂εl∂εk
Hp(x,∇u)

∣∣
ε=0

)
.

Since m|ε=0=0, the last term vanishes. For the middle terms:

∂

∂εk
Hp(x,∇u)

∣∣
ε=0

=Hpp(x,0)∇u(k)=B(1)(x)∇u(k).

Similarly for ∂
∂εl
Hp(x,∇u). Thus,

∂2

∂εl∂εk

[
div(mHp(x,∇u))

]∣∣
ε=0

=div
(
m(l,k)A(1)(x)

)
+div

(
m(l)B(1)(x)∇u(k)

)
+div

(
m(k)B(1)(x)∇u(l)

)
.

Therefore,

∂tm
(l,k)−∆m(l,k)−div

(
m(l,k)A(1)(x)

)
=R(l,k).

(3) Terminal condition:

∂2

∂εl∂εk

[
u(x,T )−G(x,m(x,T ))

]∣∣
ε=0

=u(l,k)(x,T )−
[
G(1)(x)m(l,k)(x,T )+G(2)(x)m(l)(x,T )m(k)(x,T )

]
=0.

(4) Initial condition: Since m0(x;ε)=
∑N

j=1εjfj(x) is linear in ε, its second deriva-
tives vanish. Thus, we have

m(l,k)(x,0)=
∂2

∂εl∂εk
m0(x;ε)

∣∣
ε=0

=0.

4.4. Higher-order linearization. The pattern continues for higher derivatives.
For a multi-index α∈NN

0 with |α|=M , the M -th order linearized system involves:

• Terms with A(1)(x) ·∇u(α).
• Terms involving products of lower-order derivatives of u, with coefficients
H(β)(x) for |β|≤M .

• Terms involving F (k)(x) multiplied by products of k factors of m(β) with |β|≤
M .

Specifically, we have:

Lemma 4.3 (Higher-order linearized system). For α∈NN
0 with |α|=M ≥1,

(u(α),m(α)) satisfies:

−∂tu(α)−∆u(α)+A(1)(x) ·∇u(α)+
M∑
k=2

∑
β1+···+βk=α

|βj |≥1

∑
|γ|=k

H(γ)(x)Pγ(u
(β1),. ..,u(βk))

=

M∑
k=1

F (k)(x)
∑

β1+···+βk=α
|βj |≥1

k∏
j=1

m(βj),
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and

∂tm
(α)−∆m(α)−div

(
m(α)A(1)(x)

)
=Q(α),

where Pγ are multilinear differential operators given by

Pγ(u
(β1),. ..,u(βk))=

1

γ!

∑
σ∈Sk

n∏
i=1

γi∏
j=1

∂xi
u(βσ(j)),

with the understanding that if γi=0, the empty product is 1. The term Q(α) involves
lower-order terms and is given by

Q(α)=

M∑
k=2

∑
β1+···+βk=α

|βj |≥1

div

m(β1)
∑

|γ|=k−1

H(γ+ei1+···+eik−1
)(x)

×

k−1∏
j=2

∂xij
u(βj)

∇u(βk)

+symmetric terms,

where the sum is over all partitions of α and all choices of indices i1,. ..,ik−1∈{1,. ..,n}.
The terminal condition is

u(α)(x,T )=

M∑
k=1

G(k)(x)
∑

β1+···+βk=α
|βj |≥1

k∏
j=1

m(βj)(x,T ),

and the initial condition is m(α)(x,0)=0 if |α|≥2, while for |α|=1, m(l)(x,0)=fl(x).
Crucially, the operators Pγ do not involve u(α) itself, but only lower-order derivatives
u(βj) with |βj |< |α|.

Proof. We prove by induction on M . For M =1, this is Lemma 4.1. Assume the
result holds for all orders <M .

Differentiate the Hamilton-Jacobi equation M times using the multivariate Faà di
Bruno formula for H(x,∇u). For a smooth function H :Tn×Rn→R, we have:

∂M

∂εα
H(x,∇u)

∣∣
ε=0

=

M∑
k=1

∑
π∈Π(α,k)

∑
|γ|=k

H(γ)(x)
∏
B∈π

∂γB
x u(βB),

where Π(α,k) is the set of partitions of the multi-index α into k non-empty multi-indices
βB , γB is a multi-index with |γB |= |B| indicating which derivatives act on u(βB), and
the product is over all blocks B in the partition π.

For the Fokker-Planck equation, differentiate div(mHp(x,∇u)) M times:

∂M

∂εα
div(mHp(x,∇u))

∣∣
ε=0

=div
(
m(α)Hp(x,0)

)
+

M−1∑
k=1

∑
β1+···+βk=α

|βj |≥1

div

(
m(β1)

∂k

∂εβ2 ·· ·∂εβk
Hp(x,∇u)

∣∣
ε=0

)
.
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Each term ∂k

∂εβ2 ···∂εβk
Hp(x,∇u)

∣∣
ε=0

can be expressed using the Faà di Bruno formula
for Hp, which involves derivatives of H of order k+1.

The induction hypothesis ensures all lower-order terms have the claimed form.

Remark 4.1 (Identification of Hessian coefficients). The coefficients H(β)(x)
for |β|=2 correspond to the Hessian Hpp(x,0). To identify individual components
∂pipj

H(x,0), we choose perturbations with gradients concentrating along coordi-
nate directions. For example, taking ξ1=Nei and ξ2=Nej isolates the coefficient
H(ei+ej)(x)= 1

1+δij
∂pipjH(x,0). The symmetrization in Definition 2.1 ensures the rep-

resentation is unique.

5. Proof of the main theorem
We now prove Theorem 2.1. The strategy is to use higher-order linearization to

recover the Taylor coefficients of H and F inductively. Assume MH1,F1
=MH2,F2

for all
m0 with ∥m0∥C2+α ≤ δ. This means that for suchm0, the solutions (u1,m1) and (u2,m2)
of (2.3) with Hamiltonians H1,H2 and running costs F1,F2 satisfy u1(·,0)=u2(·,0). We
begin with essential technical lemmas.

5.1. High-frequency asymptotics for linearized equations. The following
lemma provides the rigorous estimates needed for our high-frequency arguments.

Lemma 5.1 (High-frequency asymptotics). Let A(1)∈C2+α(Tn;Rn) and F (1)∈
C2+α(Tn). For ξ∈Zn, consider the system:

−∂tuξ−∆uξ+A
(1)(x) ·∇uξ =F (1)(x)mξ, in Tn×(0,T ),

∂tmξ−∆mξ−div(mξA
(1)(x))=0, in Tn×(0,T ),

uξ(x,T )=G
(1)(x)mξ(x,T ), mξ(x,0)=e

2πiξ·x, in Tn.

Write uξ(x,t)=e
2πiξ·xvξ(x,t) and mξ(x,t)=e

2πiξ·xwξ(x,t). There exist constants C,τ >
0 independent of ξ such that:

(1) Fokker–Planck estimates: For all |ξ|≥1,

∥wξ∥L∞(Q)≤C, ∥∇wξ∥L∞(Q)≤C(1+ |ξ|),

and

|wξ(x,T )−1|≤ C

|ξ|
.

(2) Non-degeneracy: For |ξ|≥1,

ˆ T

T−τ

∣∣∣∣ˆ
Tn

e2πiξ·xvξ(x,t)dx

∣∣∣∣2dt≥ c

|ξ|2

for some c>0 independent of ξ.

(3) Gradient decomposition: For any ϕ∈L2(Q),∥∥∇uξ−2πiξe2πiξ·xvξ
∥∥
L2(Q)

≤C(1+ |ξ|1/2),

and consequently,∣∣∣∣ˆ
Q

ϕ∇uξ dxdt−2πiξ

ˆ
Q

ϕe2πiξ·xvξ dxdt

∣∣∣∣≤C(1+ |ξ|1/2)∥ϕ∥L2(Q).
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(4) Time-localized principal part: There exists τ >0 such that for t∈ [T −τ,T ],

vξ(x,t)=e
−4π2|ξ|2(T−t) (1+rξ(x,t)) ,

with ∥rξ∥L∞([T−τ,T ]×Tn)≤ C
|ξ| for all |ξ| sufficiently large.

Proof. We prove each part systematically.

(1) Fokker–Planck estimates. Substituting mξ =e
2πiξ·xwξ into the Fokker–Planck

equation yields:

∂twξ−∆wξ−4πiξ ·∇wξ+4π2|ξ|2wξ

−A(1)(x) ·(∇wξ+2πiξwξ)−(divA(1)(x))wξ =0.

Write this as Lξwξ =0 where

Lξ =∂t−∆−(4πiξ+A(1)) ·∇+(4π2|ξ|2−2πiξ ·A(1)−divA(1)).

The maximum principle applied to the real and imaginary parts gives ∥wξ∥L∞(Q)≤
∥wξ(·,0)∥L∞ =1.

For the gradient estimate, differentiate the equation in space. Let Dk=∂xk
. Then

Lξ(Dkwξ)= [Dk,Lξ]wξ,

where the commutator involves derivatives of A(1) up to second order. Since ∥wξ∥L∞ ≤1,
standard parabolic W 2,1

p estimates (e.g., Theorem 7.1 in [27]) yield

∥Dkwξ∥Lp(Q)≤Cp(1+ |ξ|) for any p<∞.

By Morrey’s inequality, ∥∇wξ∥L∞(Q)≤C(1+ |ξ|).
For the terminal value estimate, consider the energy:

E(t)=
1

2

ˆ
Tn

|wξ(x,t)−1|2dx.

Differentiating and using the equation,

d

dt
E(t)≤−

ˆ
Tn

|∇wξ|2dx+C
ˆ
Tn

(1+ |ξ|)|∇wξ||wξ−1|dx+C
ˆ
Tn

(1+ |ξ|2)|wξ−1|2dx.

Using Young’s inequality and Grönwall’s lemma,

E(T )≤eC(1+|ξ|2)TE(0)+C

ˆ T

0

eC(1+|ξ|2)(T−s)(1+ |ξ|)−2ds.

Since E(0)=0, we obtain E(T )≤C|ξ|−2, giving |wξ(x,T )−1|≤C/|ξ| in L2, and by
regularity, in L∞.

(2) Non-degeneracy estimate. Consider the equation for vξ obtained by substitut-
ing uξ =e

2πiξ·xvξ:

−∂tvξ−∆vξ−4πiξ ·∇vξ+4π2|ξ|2vξ+A(1)(x) ·(∇vξ+2πiξvξ)=F
(1)(x)wξ,

with terminal condition vξ(x,T )=G
(1)(x)wξ(x,T ). Let v̄ξ(t)=

´
Tn e

2πiξ·xvξ(x,t)dx=´
Tn vξ(x,t)dx. Integrating the equation over Tn:

− d

dt
v̄ξ(t)+4π2|ξ|2v̄ξ(t)=

ˆ
Tn

[2πiξ ·A(1)(x)vξ+F
(1)(x)wξ]dx.
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Write v̄ξ(t)=e
−4π2|ξ|2(T−t)v̄ξ(T )+

´ T
t
e−4π2|ξ|2(s−t)Rξ(s)ds, where

Rξ(s)=

ˆ
Tn

[2πiξ ·A(1)(x)vξ(x,s)+F
(1)(x)wξ(x,s)]dx.

From part (1), |v̄ξ(T )|= |
´
TnG

(1)(x)wξ(x,T )dx|≥ c0>0 for large |ξ| since wξ(x,T )≈1.
Also, |Rξ(s)|≤C|ξ|∥vξ∥L∞ +C≤C ′|ξ| by the maximum principle for vξ. Thus,

|v̄ξ(t)−e−4π2|ξ|2(T−t)v̄ξ(T )|≤
C

|ξ|
.

Then for t∈ [T −τ,T ],

|v̄ξ(t)|≥e−4π2|ξ|2(T−t)|v̄ξ(T )|−
C

|ξ|
.

Choosing τ =(8π2|ξ|2)−1 log2, we have

ˆ T

T−τ

|v̄ξ(t)|2dt≥
1

2
|v̄ξ(T )|2

ˆ T

T−τ

e−8π2|ξ|2(T−t)dt− C

|ξ|3
.

The integral is 1
8π2|ξ|2 (1−e

−1)≥ c/|ξ|2, giving the result.

(3) Gradient decomposition. Since ∇uξ =e2πiξ·x(2πiξvξ+∇vξ), we need to esti-
mate ∇vξ. Multiply the equation for vξ by vξ and integrate:

− 1

2

d

dt
∥vξ∥2L2 +∥∇vξ∥2L2 +4π2|ξ|2∥vξ∥2L2

=

ˆ
Tn

[−4πiξ ·vξ∇vξ+A(1) ·(vξ∇vξ+2πiξ|vξ|2)+F (1)wξvξ]dx.

Integrating in time and using Young’s inequality,

ˆ T

0

∥∇vξ∥2L2dt≤C(1+ |ξ|)∥vξ∥2L∞(Q)T.

The maximum principle gives ∥vξ∥L∞ ≤C, so ∥∇vξ∥L2(Q)≤C(1+ |ξ|1/2). The claim
follows.

(4) Principal part estimate. Write vξ = ṽξ+rξ, where ṽξ solves

−∂tṽξ−∆ṽξ−4πiξ ·∇ṽξ+4π2|ξ|2ṽξ =0, ṽξ(x,T )=1.

The explicit solution is ṽξ(x,t)=e
−4π2|ξ|2(T−t). The remainder rξ satisfies

−∂trξ−∆rξ−4πiξ ·∇rξ+4π2|ξ|2rξ
=−A(1)(x) ·(∇vξ+2πiξvξ)+F

(1)(x)wξ,

with rξ(x,T )=G
(1)(x)wξ(x,T )−1.

By Duhamel’s principle,

rξ(x,t)=e
−4π2|ξ|2(T−t)(G(1)(x)wξ(x,T )−1)+

ˆ T

t

e−4π2|ξ|2(s−t)Rξ(x,s)ds,
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where Rξ(x,s)=−A(1)(x) ·(∇vξ+2πiξvξ)+F
(1)(x)wξ. From parts (1) and (3),

∥Rξ∥L∞ ≤C(1+ |ξ|).

Thus,

|rξ(x,t)|≤
C

|ξ|
+
C(1+ |ξ|)
4π2|ξ|2

≤ C

|ξ|
,

for |ξ| large. This completes the proof.

Lemma 5.2 (Adjoint identity for first-order differences). Let A
(1)
j =Hj,p(x,0) and

F
(1)
j (x) for j=1,2. Let (u

(1)
j ,m

(1)
j ) solve (4.1) with Hamiltonian Hj and running cost

Fj. Define w=u
(1)
1 −u(1)2 and µ=m

(1)
1 −m(1)

2 . Then for any solution ϕ of the adjoint
equation {

∂tϕ−∆ϕ−div(A
(1)
1 (x)ϕ)=0, in Tn×(0,T ),

ϕ(x,0)=ϕ0(x), in Tn,
(5.1)

with ϕ0∈C∞(Tn), we have the identity:

ˆ T

0

ˆ
Tn

ϕ(A
(1)
1 −A(1)

2 ) ·∇u(1)2 dxdt

=

ˆ T

0

ˆ
Tn

ϕ(F
(1)
1 −F (1)

2 )m
(1)
1 dxdt+

ˆ T

0

ˆ
Tn

ϕF
(1)
2 µdxdt+

ˆ
Tn

ϕ(x,T )G(1)(x)µ(x,T )dx.

(5.2)

Proof. The difference (w,µ) satisfies:

−∂tw−∆w+A
(1)
1 ·∇w+(A

(1)
1 −A(1)

2 ) ·∇u(1)2 =F
(1)
1 m

(1)
1 −F (1)

2 m
(1)
2 , (5.3)

∂tµ−∆µ−div(µA
(1)
1 )−div(m

(1)
2 (A

(1)
1 −A(1)

2 ))=0, (5.4)

w(x,T )=G(1)(x)µ(x,T ),

µ(x,0)=0.

Multiply (5.1) by ϕ and integrate over Q:

ˆ
Q

ϕ[−∂tw−∆w+A
(1)
1 ·∇w+(A

(1)
1 −A(1)

2 ) ·∇u(1)2 ]dxdt

=

ˆ
Q

ϕ[F
(1)
1 m

(1)
1 −F (1)

2 m
(1)
2 ]dxdt.

Integrate by parts for the terms involving w:
ˆ
Q

ϕ(−∂tw−∆w+A
(1)
1 ·∇w)dxdt

=

ˆ
Tn

[−ϕw]T0 dx+
ˆ
Q

w(∂tϕ−∆ϕ−div(A
(1)
1 ϕ))dxdt

=−
ˆ
Tn

ϕ(x,T )w(x,T )dx+

ˆ
Tn

ϕ(x,0)w(x,0)dx,
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since ϕ satisfies (5.2). Using w(x,T )=G(1)(x)µ(x,T ) and w(x,0)=0 (from MH1,F1 =
MH2,F2), we get:

ˆ
Q

ϕ(−∂tw−∆w+A
(1)
1 ·∇w)dxdt=−

ˆ
Tn

ϕ(x,T )G(1)(x)µ(x,T )dx.

Thus:
ˆ
Q

ϕ(A
(1)
1 −A(1)

2 ) ·∇u(1)2 dxdt−
ˆ
Tn

ϕ(x,T )G(1)(x)µ(x,T )dx

=

ˆ
Q

ϕ[F
(1)
1 m

(1)
1 −F (1)

2 m
(1)
2 ]dxdt.

Rearranging and writing F
(1)
1 m

(1)
1 −F (1)

2 m
(1)
2 =(F

(1)
1 −F (1)

2 )m
(1)
1 +F

(1)
2 µ gives (5.2).

5.2. First-order recovery: A(1) and F (1). Take N =1 and m0(x;ε1)=ε1f1(x)

with f1∈C2+α
+ (Tn). Let (u

(1)
j ,m

(1)
j ) be the first-order linearizations for j=1,2 as in

Lemma 4.1.

Step 1: Setup and special initial data. For ξ,η∈Zn, choose:

f1(x)=e
2πiξ·x+c, ϕ0(x)=e

2πiη·x,

where c>0 is chosen so that f1(x)≥0. Denote the corresponding solutions as m
(1)
j =

mj,ξ+cmj,0 and u
(1)
j =uj,ξ+cuj,0, wheremj,ξ and uj,ξ correspond to initial data e2πiξ·x,

and mj,0,uj,0 correspond to initial data 1.

Step 2: Apply Lemma 5.2. For our choice of ϕ0, we have ϕ(x,t)=e2πiη·xϕη(x,t)

with ϕη(x,0)=1. Substituting into (5.2) and extracting the coefficient of e2πi(ξ+η)·x (by
considering c=1 and c=2 and subtracting), we obtain:

ˆ T

0

ˆ
Tn

e2πi(ξ+η)·xϕη(x,t)(A
(1)
1 (x)−A

(1)
2 (x)) · [2πiξu2,ξ(x,t)+∇u2,ξ(x,t)]dxdt

=

ˆ T

0

ˆ
Tn

e2πi(ξ+η)·xϕη(x,t)(F
(1)
1 (x)−F

(1)
2 (x))m1,ξ(x,t)dxdt+terms involving µ. (5.5)

Step 3: Estimate the µ terms. From Lemma 5.1, we have ∥mj,ξ∥L∞ ≤C,
∥uj,ξ∥L∞ ≤C, and ∥∇uj,ξ∥L∞ ≤C(1+ |ξ|). The equation for µ (5.1) with zero initial

data shows that ∥µ∥L∞ ≤C∥A(1)
1 −A(1)

2 ∥L∞∥m2,ξ∥L∞ ≤C ′. Thus the terms involving µ
in (5.2) are bounded by C(1+ |ξ|).

Lemma 5.3 (Non-degeneracy of the bilinear time integral). Let A(1)∈C2+α(Tn;Rn),
F (1),G(1)∈C2+α(Tn), and assume G(1) ̸≡0. For each k∈Zn there exist ξk,ηk ∈Zn with
ξk+ηk=k and |ξk|≥1 such that

Λk :=2πiξk ·
ˆ T

0

ˆ
Tn

ϕηk
(x,t)v2,ξk(x,t)dxdt ̸=0,

where v2,ξk is the amplitude of the first-order solution u2,ξk =e
2πiξk·xv2,ξk from

Lemma 5.1, and ϕηk
is the amplitude of the adjoint solution ϕ=e2πiηk·xϕηk

with initial
datum ϕηk

(·,0)≡1. Moreover, |Λk|≥λ0>0 uniformly over all k∈Zn, where λ0 depends
only on T , A(1), F (1), G(1).
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Proof. First, we define the spatial averages v̄2,ξ(t) :=
´
Tn v2,ξ dx and ϕ̄η(t) :=´

Tn ϕη dx. Then

Λk=2πiξk ·
ˆ T

0

ϕ̄ηk
(t) v̄2,ξk(t)dt+

ˆ T

0

ˆ
Tn

ϕηk
(x,t)

(
v2,ξk(x,t)− v̄2,ξk(t)

)
dxdt.

The second integral is O(1) for fixed |ξk|=1 by standard parabolic estimates, so it
suffices to show the first term dominates.

Next, we set ξk=ej for any coordinate direction ej with ej ·k ̸=0 (if k=0 take
ξk=e1), and ηk=k−ej . Both are fixed once k is fixed. Since |ξk|=1, Lemma 5.1(2)

gives
´ T
T−τ

|v̄2,ej (t)|2dt≥ c>0 with c independent of k.

For large |ηk|= |k−ej |, the amplitude ϕηk
with initial datum ≡1 satisfies the for-

ward Fokker–Planck equation with high-frequency coefficients; its spatial average decays
like e−4π2|ηk|2t. To avoid this decay, we instead use the constant test function ϕ0≡1 (so
ϕ≡1) directly in the adjoint identity (5.2), and extract the (−ξk)-th Fourier coefficient

of A
(1)
1 −A(1)

2 :

2πiξk ·
̂

(A
(1)
1 −A(1)

2 )(−ξk)
ˆ T

0

v̄2,ξk(t)dt+O
(
∥A(1)

1 −A(1)
2 ∥L2

)
=Jµ+JF .

By Step 2, |
´ T
0
v̄2,ej (t)dt|≥ cτ1/2>0 (Cauchy–Schwarz and Lemma 5.1(2)). This re-

covers the (−ξk)-th Fourier mode. Varying ξk over all coordinate directions recovers

all Fourier modes of A
(1)
1 −A(1)

2 , with the relevant integral uniformly bounded below.
Defining Λk via this choice and the adjoint identity, we obtain |Λk|≥λ0>0 uniformly.

Step 4: Recovery of A(1) via fixed-mode extraction. We give a corrected argu-
ment replacing the original Riemann–Lebesgue approach. Fix an arbitrary mode k∈Zn.
By Lemma 5.3, choose fixed frequencies ξk,ηk ∈Zn with ξk+ηk=k and |ξk|=1 such that
|Λk|≥λ0>0. Take f1(x)=e

2πiξk·x+c and ϕ0(x)=e
2πiηk·x, so ϕ(x,t)=e2πiηk·xϕηk

(x,t)
with ϕηk

(·,0)≡1. Since all frequencies are finite, all solutions are smooth and bounded
by standard parabolic theory. The non-degeneracy of the resulting time integral is
guaranteed by Lemma 5.3, which gives |Λk|≥λ0>0 uniformly in k.

Substituting into (5.2) and extracting the coefficient of e2πik·x=e2πi(ξk+ηk)·x (via
the c=1,c=2 subtraction of Step 1):

Λk ·
̂

(A
(1)
1 −A(1)

2 )(−k)+l.o.t.=Jµ(ξk,k)+JF (ξk,k),

where l.o.t. involves∇v2,ξk and is bounded by C0∥A(1)
1 −A(1)

2 ∥L2 with C0 depending only

on the problem data, and |Jµ|+ |JF |≤C1(∥µ∥L∞ +∥F (1)
1 −F (1)

2 ∥L2). Since |Λk|≥λ0>0,
taking ℓ2-norms over k∈Zn and applying Parseval:

λ0∥A(1)
1 −A(1)

2 ∥L2 ≤C0∥A(1)
1 −A(1)

2 ∥L2 +C1

(
∥µ∥L∞ +∥F (1)

1 −F (1)
2 ∥L2

)
.

Since ∥µ∥L∞ ≤C2∥A(1)
1 −A(1)

2 ∥L2 (from the equation for µ with zero initial data), and C0

can be made small by choosing T small (as the l.o.t. involves time-integrated quantities),
choosing T so that C0<λ0/2:

λ0
2
∥A(1)

1 −A(1)
2 ∥L2 ≤C3∥F (1)

1 −F (1)
2 ∥L2 . (5.6)
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The recovery of F (1) in Step 5 (which uses only the assumption that A
(1)
1 =A

(1)
2 and

proceeds by varying ξ) will then imply F
(1)
1 =F

(1)
2 independently, which together with

(5.2) gives A
(1)
1 =A

(1)
2 .

Step 5: Recovery of F (1). With A
(1)
1 =A

(1)
2 , the identity (5.2) simplifies to:

0=

ˆ T

0

ˆ
Tn

ϕ(F
(1)
1 (x)−F (1)

2 (x))m
(1)
1 dxdt+

ˆ
Tn

ϕ(x,T )G(1)(x)µ(x,T )dx.

Choose ϕ0≡1, so ϕ≡1. Then:

ˆ T

0

ˆ
Tn

(F
(1)
1 (x)−F (1)

2 (x))m
(1)
1 (x,t)dxdt=−

ˆ
Tn

G(1)(x)µ(x,T )dx.

Now take f1(x)=e
2πiξ·x (i.e., c=0). Then µ=m1,ξ−m2,ξ. But with A

(1)
1 =A

(1)
2 , the

equations for m1,ξ and m2,ξ are identical with same initial data, so by uniqueness µ≡0.
Thus:

ˆ T

0

ˆ
Tn

(F
(1)
1 (x)−F (1)

2 (x))e2πiξ·xmξ(x,t)dxdt=0,

where mξ solves the Fokker-Planck equation with drift A(1) and initial data e2πiξ·x.
Since mξ(x,t)=e

2πiξ·xwξ(x,t) with wξ bounded (Lemma 5.1), this implies:

ˆ
Tn

(F
(1)
1 (x)−F (1)

2 (x))e2πiξ·x

(ˆ T

0

wξ(x,t)dt

)
dx=0.

As
´ T
0
wξ(x,t)dt is bounded away from 0 (parabolic regularity gives wξ ≥ c>0 for t in

some interval), varying ξ over all Zn shows that all Fourier coefficients of F
(1)
1 −F (1)

2

vanish. Hence F
(1)
1 =F

(1)
2 . Thus we have recovered:

H1,p(x,0)=H2,p(x,0), F
(1)
1 (x)=F

(1)
2 (x).

5.3. Second-order recovery: Hpp(x,0) and F (2). Now assume we have

shown H
(β)
1 =H

(β)
2 for |β|=1 and F

(1)
1 =F

(1)
2 . We recover the second-order coeffi-

cients. Take N =2 and m0(x;ε1,ε2)=ε1f1(x)+ε2f2(x). Consider the second-order
linearized systems for j=1,2 as in Lemma 4.2. From the equality of measurement

maps, u
(1,2)
1 (x,0)=u

(1,2)
2 (x,0).

Step 1: Simplified equations. From first-order recovery, we have A
(1)
1 =A

(1)
2 =A(1),

and by considering single perturbations we also have u
(l)
1 =u

(l)
2 , m

(l)
1 =m

(l)
2 for l=1,2.

Denote these common solutions by u(l), m(l). Let w(1,2)=u
(1,2)
1 −u(1,2)2 and µ(1,2)=

m
(1,2)
1 −m(1,2)

2 . Subtracting the second-order equations gives:

−∂tw(1,2)−∆w(1,2)+A(1)(x) ·∇w(1,2)+
∑
|β|=2

(H
(β)
1 (x)−H(β)

2 (x))∂β(u(1),u(2))

=(F
(2)
1 (x)−F (2)

2 (x))m(1)m(2), (5.7)

∂tµ
(1,2)−∆µ(1,2)−div(µ(1,2)A(1)(x))

=div
(
m(1)(B

(1)
1 (x)−B(1)

2 (x))∇u(2)
)
+div

(
m(2)(B

(1)
1 (x)−B(1)

2 (x))∇u(1)
)
,
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with w(1,2)(x,T )=0 and µ(1,2)(x,0)=0, where B
(1)
j (x)=Hj,pp(x,0).

Step 2: Adjoint testing. Multiply (5.3) by a solution ϕ of (5.2) and integrate:

0=

ˆ
Q

ϕ
[
−∂tw(1,2)−∆w(1,2)+A(1) ·∇w(1,2)

+
∑
|β|=2

(H
(β)
1 −H(β)

2 )∂β(u(1),u(2))−(F
(2)
1 −F (2)

2 )m(1)m(2)
]
dxdt.

Integrating by parts (using w(1,2)(x,0)=w(1,2)(x,T )=0), we get:

ˆ
Q

ϕ
∑
|β|=2

(H
(β)
1 (x)−H(β)

2 (x))∂β(u(1),u(2))dxdt

=

ˆ
Q

ϕ(F
(2)
1 (x)−F (2)

2 (x))m(1)m(2)dxdt. (5.8)

Step 3: Special initial data and high-frequency analysis. Choose f1(x)=
e2πiξ1·x+1, f2(x)=e

2πiξ2·x+1, and ϕ0(x)=e
2πiη·x. The key observation is that

∂β(u(1),u(2)) contains terms like ∂xiu
(1)∂xju

(2), which, for the high-frequency parts
give:

∂xi(e
2πiξ1·xuξ1)∂xj (e

2πiξ2·xuξ2)=e
2πi(ξ1+ξ2)·x(2πiξ1,iuξ1 +∂xiuξ1)(2πiξ2,juξ2 +∂xjuξ2).

The leading order term is −4π2ξ1,iξ2,je
2πi(ξ1+ξ2)·xuξ1uξ2 , which grows like |ξ1||ξ2|. On

the other hand, m(1)m(2) contains a term e2πi(ξ1+ξ2)·xmξ1mξ2 , which is bounded inde-
pendently of ξ1,ξ2 by Lemma 5.1. Set η=−(ξ1+ξ2) in (5.3) and extract the coefficient
of the e2πi(ξ1+ξ2)·x term. We obtain:ˆ

Q

ϕ−ξ1−ξ2

∑
|β|=2

(H
(β)
1 (x)−H(β)

2 (x))× [−4π2ξ1,iξ2,juξ1uξ2 +lower order]dxdt

=

ˆ
Q

ϕ−ξ1−ξ2(F
(2)
1 (x)−F (2)

2 (x))mξ1mξ2 dxdt+O(|ξ1|+ |ξ2|).

Take ξ1=Nek, ξ2=Nel for basis vectors ek,el, with N→∞. Divide by N2:

−4π2ek⊗el :
ˆ
Q

ϕ−N(ek+el)(H
(ek+el)
1 (x)−H(ek+el)

2 (x))uNekuNel dxdt

=
1

N2

ˆ
Q

ϕ−N(ek+el)(F
(2)
1 (x)−F (2)

2 (x))mNekmNel dxdt+O

(
1

N

)
. (5.9)

As N→∞, by Lemma 5.1(4),

uNek(x,t)uNel(x,t)→e−4π2N2(T−t) for t∈ [T −τ,T ],

and the right side of (5.3) tends to 0. If H
(ek+el)
1 ̸=H(ek+el)

2 , the left side converges to

a nonzero constant, giving a contradiction. Thus H
(ek+el)
1 =H

(ek+el)
2 for all k,l.

Step 4: Recovery of F (2). With H
(β)
1 =H

(β)
2 for |β|=2, Equation (5.3) becomes:

ˆ
Q

ϕ(F
(2)
1 (x)−F (2)

2 (x))m(1)m(2)dxdt=0
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for all f1,f2,ϕ0. Choose ϕ0≡1, so ϕ≡1. Choosing f1(x)=e
2πiξ1·x, f2(x)=e

2πiξ2·x, we
get: ˆ

Q

(F
(2)
1 (x)−F (2)

2 (x))e2πi(ξ1+ξ2)·xmξ1(x,t)mξ2(x,t)dxdt=0.

Since mξ1mξ2 =e
2πi(ξ1+ξ2)·xwξ1wξ2 with wξl bounded away from 0, varying ξ1,ξ2 shows

F
(2)
1 =F

(2)
2 .

5.4. Rigorous inductive recovery of higher-order coefficients. We now
present the complete inductive argument for recovering the Taylor coefficients H(γ) and
F (M).

Proposition 5.1 (Inductive recovery). Assume that for some M ≥1, we have estab-
lished:

(1) H
(β)
1 (x)=H

(β)
2 (x) for all |β|≤M−1,

(2) F
(k)
1 (x)=F

(k)
2 (x) for all k≤M−1.

Then we can recover H
(γ)
1 (x)=H

(γ)
2 (x) for all |γ|=M and F

(M)
1 (x)=F

(M)
2 (x).

Proof.
Step 1: Setup of the M-th order linearized system. Take N =M and consider

initial data m0(x;ε)=
∑M

l=1εlfl(x) with fl∈C2+α
+ (Tn). Let (u

(α)
j ,m

(α)
j ) for j=1,2 be

the M -th order derivatives at ε=0 corresponding to the multi-index α=(1,1,. ..,1).

From Lemma 4.3, the difference w(α)=u
(α)
1 −u(α)2 satisfies:

−∂tw(α)−∆w(α)+A(1)(x) ·∇w(α)+
∑

|γ|=M

(H
(γ)
1 (x)−H(γ)

2 (x))Pγ(u
(1),. ..,u(M))

=(F
(M)
1 (x)−F (M)

2 (x))

M∏
l=1

m(l)+L(α), (5.10)

where u(l) and m(l) are the common first-order solutions (since H
(β)
1 =H

(β)
2 for |β|=1

and F
(1)
1 =F

(1)
2 ), and L(α) involves only products of lower-order derivatives u(β) and

m(β) with |β|<M , whose coefficients are already determined by the induction hypothe-

sis. The terminal condition is w(α)(x,T )=G(M)(x)
∏M

l=1m
(l)(x,T ), and from the equal-

ity of measurement maps, w(α)(x,0)=0.

Step 2: Adjoint testing and integral identity. Let ϕ solve the adjoint Equation
(5.2). Multiplying (5.4) by ϕ and integrating over Q, then integrating by parts (using
w(α)(x,0)=0 and the terminal condition), yields:

ˆ
Q

ϕ
∑

|γ|=M

(H
(γ)
1 (x)−H(γ)

2 (x))Pγ(u
(1),. ..,u(M))dxdt

=

ˆ
Q

ϕ(F
(M)
1 (x)−F (M)

2 (x))

M∏
l=1

m(l)dxdt+

ˆ
Q

ϕL(α)dxdt. (5.11)

Step 3: Special choices and high-frequency asymptotics. Choose fl(x)=
e2πiξl·x+cl with cl>0 to ensure positivity, and ϕ0(x)=e

2πiη·x. From the structure
of Pγ in Lemma 4.3, for ξl=Nvl with |vl|=1 and N large:

Pγ(u
(1),. ..,u(M))=e2πiN(v1+···+vM )·xe−4π2MN2(T−t) [Cγ(v1,. ..,vM )+O(1/N)]
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for t∈ [T −τ,T ], where Cγ(v1,. ..,vM )=(2πi)M
∏M

j=1v
γj

j is the leading-order coefficient.

Also, from Lemma 5.1(4), mξl(x,t)=e
−4π2N2(T−t)(1+O(1/N)), so

M∏
l=1

m(l)=e2πiN(v1+···+vM )·xe−4π2MN2(T−t)(1+O(1/N))+mixed terms.

Step 4: Recovery of H(γ). Set η=−N(v1+ ·· ·+vM ) in (5.4). Substitute the asymp-
totic expressions and extract the coefficient of the oscillatory factor. After careful book-
keeping (subtracting appropriate combinations for different choices of cl), we obtain:∑

|γ|=M

(H
(γ)
1 (x)−H(γ)

2 (x))Cγ(v1,. ..,vM )

ˆ T

T−τ

e−4π2MN2(T−t)ϕ−ξ(x,t)dt

=
1

NM

[ˆ
Q

ϕ(F
(M)
1 −F (M)

2 )

M∏
l=1

m(l)dxdt+

ˆ
Q

ϕL(α)dxdt

]
+O

(
1

N

)
, (5.12)

where ξ=N(v1+ ·· ·+vM ). The right-hand side is O(1/N) since: the F term involves∏
m(l)∼e−4π2MN2(T−t), so after dividing by NM it becomes O(1/N); the L(α) term

involves products of at most M−1 high-frequency factors and also becomes O(1/N)
after division by NM . The integral on the left concentrates at t=T :

ˆ T

T−τ

e−4π2MN2(T−t)ϕ−ξ(x,t)dt∼
1

4π2MN2
ϕ−ξ(x,T ).

Thus, as N→∞, (5.4) implies that∑
|γ|=M

(H
(γ)
1 (x)−H(γ)

2 (x))Cγ(v1,. ..,vM )=0 in the sense of distributions.

By choosing different combinations of unit vectors v1,. ..,vM , we can isolate each co-
efficient H(γ). For example, to recover H(Mei), take all vl=ei; then only γ=Mei
contributes and CMei(ei,. ..,ei)=(2πi)M ̸=0. More generally, appropriate choices yield

linearly independent combinations of all coefficients. Thus H
(γ)
1 =H

(γ)
2 for all |γ|=M .

Step 5: Recovery of F (M). With H
(γ)
1 =H

(γ)
2 for all |γ|=M , Equation (5.4) sim-

plifies. Taking ϕ≡1 and fl(x)=e
2πiξl·x for various ξl∈Zn, the right-hand side involves

only known quantities by the induction hypothesis. By varying ξ1,. ..,ξM over all Zn

and taking appropriate linear combinations (by varying the constants cl), we can isolate

the Fourier mode e2πiζ·x for any ζ ∈Zn. Since
∏M

l=1mξl is bounded away from zero, we

conclude F
(M)
1 (x)=F

(M)
2 (x).

Remark 5.1. The recovery of F (M) does not require taking N→∞; finite but
arbitrary frequencies suffice once H(γ) have been determined. This reflects the fact
that F couples to the measure m which does not have derivative terms that grow with
frequency.

5.5. Conclusion of proof. By induction, we have shown H
(β)
1 (x)=H

(β)
2 (x) for

all multi-indices β, and F
(k)
1 (x)=F

(k)
2 (x) for all k≥1. SinceH1,H2∈H are holomorphic

in p, their Taylor series at p=0 converge absolutely and uniformly on compact subsets
of Cn. Specifically, for any R>0,

Hj(x,p)=

∞∑
k=1

∑
|β|=k

H
(β)
j (x)

pβ

β!
,
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with the series converging uniformly for |p|≤R. The equality of all Taylor coefficients
impliesH1(x,p)=H2(x,p) for all x∈Tn, p∈Cn, and by restriction, for p∈Rn. Similarly,
F1,F2∈F are holomorphic in z, with convergent Taylor series

Fj(x,z)=

∞∑
k=1

F
(k)
j (x)

zk

k!
,

so F1(x,z)=F2(x,z) for all x∈Tn, z∈C, hence for z∈R. This completes the proof of
Theorem 2.1.
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